INTERPOLATION OF NUMBERS OF CATALAN TYPE IN A 
LOCAL FIELD OF POSITIVE CHARACTERISTIC 
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Abstract. Let k be a locally compact topological field of positive charac- 
teristic. Let L be a cocompact discrete additive subgroup of k. Let U be 
an open compact additive subgroup of k. Let t, u and a be elements of k, 
with a nonzero. We study the behavior of the product Ylo^xe(l+L)na(u+u) x 
as a varies, using tools from local class field theory and harmonic analysis. 
Typically ratios of such products occur as partial products grouped by degree 
for the infinite products representing special values of Gamma-functions for 
function fields. Our main result provides local confirmation for a two-variable 
refinement of the Stark conjecture in the function field case recently proposed 
by the author. 
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1. Introduction 

1.1. Preliminary discussion of the main objects of study. 

1.1.1. The product of lattice points in a box. We are going to study products in a 
locally compact topological field k of positive characteristic of the form 



L C k: cocompact discrete additive subgroup, 
U C k: open compact additive subgroup, 
£,u € k and =/= a € k, 



(1) [] x, for 

0^x£(e+L)na(u+U) 

with the goal of understanding how such numbers depend on the parameter a, using 
tools from harmonic analysis and local class field theory. We think of £ + L as a 
lattice and of a(u+U) as a box which grows as a grows in absolute value. Our main 
result ( Theorem 16.11 below) gives detailed information about (ratios of) numbers 
of the form Q and provides local confirmation of a two- variable refinement of the 
Stark conjecture in the function field case recently proposed in . 
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1.1.2. Theta and Catalan symbols. The notation used in Q is inconvenient, es- 
pecially when, as is usually the case in practice, we wish to consider ratios or 
complicated monomials in such products. We introduce a more streamlined system 
of notation now. Following the probabilists, let lg : X — > {0, 1} C C denote the 
indicator function of a subset S C X, i. e., ls(x) = 1 for x £ S and ls(x) = 
otherwise. Let #S denote the cardinality of a set S. Let A x denote the group of 
units of a ring A with unit. Let p be the characteristic of k. Let Z[l/p] be the 
result of adjoining an inverse of p to Z. Note that for every x € k x and v 6 Z[l/p], 
the expression well-defines a nonzero element of the perfect closure p of k. 
Given /, g : k — > C, let / <£> g : fc x fc — * C be defined by (/ <g> g)(x,y) = f(x)g(y). 
We come now to the key definition. We say that a function $ : k x fc — > Z[l/p] is a 
rational rigged virtual lattice if it is a finite Z[l/p]-linear combination of functions 
of the form <g> l u +c;, where ^, L, u and {/ are as in QJ. (We warn the reader 
that the definition of rational rigged virtual lattice made here is not quite the same 
as that made in the main body of the paper, but the difference is inconsequen- 
tial. A similar warning applies to the other definitions made and applied in the 
introduction.) Given a rational rigged virtual lattice $ and a£P,wc define 

e(o, $) = ^ a ~ lx ) e Z [!/H 

( i ) = n »* (x,tt " ia!) G p ^ x - 

We call 9(-, ■) the theta symbol. If the function 0(-, $) is supported in a compact 
subset of k x , we say that $ is proper. For the most part our attention is going to be 
focused on proper rational rigged virtual lattices. We call (;) + the partial Catalan 
symbol. (Of the Catalan symbol itself we speak a bit later.) For example, notation 
as in JJJ, we have 

0(o, le+L <8> lu+u) = #{{£ + L)n a(u + U j) 

and the expression 

( a ) 

\ i e+L ® i„ +[/ y + 

represents the product . Having introduced the formalism of theta and Catalan 
symbols we are now able to handle ratios and monomials in products of the form 
iJTjl in an efficient way. 

1.1.3. Rationale for the "theta" terminology and connection with L- functions. The 
L-function evaluators @K/k,s( s ) figuring in Tate's formulation [5] of the Stark con- 
jecture can in the function field case be related to Mcllin transforms of functions of 
the form 8(-, $) by the methods of Tate's thesis. In particular, partial zeta values 
at s = can be represented as values of the theta symbol in certain situations. We 
do not discuss the connection of the theta symbol with L-function evaluators here, 
but see §12] for a discussion of the analogous connection in the global setting. 
Theta symbols and L-function evaluators a la Tate also have some relationship 
with theta divisors. For example, see Thm. 4.1.1]. While we do not discuss 
i-functions explicitly in the paper, the desire to make our results easily applicable 
to the study of i-functions has dictated our heavy emphasis on harmonic analysis. 
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1.1.4. Rationale for the "Catalan" terminology. We regard the values of the partial 
Catalan symbol (!) , as analogues of the classical Catalan numbers. The formula 

Tl + 1 \ n ) rLein(o,n] ^'lbeinto.n+i] x 

TT ,».(lz®l(o,2nl -lz®l(0,nl -lz®l(o,r l + ll)(a:,^) 

— llrrGR* X 

for the usual Catalan numbers suggests how we see the analogy. Actually the 
formula 

_ TJ a ,(lz®l(o,2]-2-lz®l (0 , 1] )(a;,n- 1 x) 

for the Catalan numbers of type B shows off the analogy in a slightly better way. 



2n 
n 



1.1.5. Evaluation of partial Catalan symbols in simple examples over ¥ q [T]. Let 
F 9 [T] be the ring of polynomials in a variable T over the field F g of q elements. Let 
F 9 (T) be the fraction field of F g [T]. Let us temporarily (just in this paragraph and 
the next) identify the local field k considered in Q with the completion F g ((l/T)) 
of ¥ g (T) at the place T = oo. Let (1/T)FJ[1/T]] be the open unit ball in F 3 ((l/T)). 
We have 

/ rpN 

(2) Yi n - 



n&t q [T\ 

n:raonic 
dcgn— 



1f,[T] ® 1 l+(l/T)F,[[l/T]] 



for all integers N > 0. The product on the left is the Carlitz analogue of the 
factorial of q N . For background concerning the latter, see ^2 §4.5]. We have 

(3) n M 1 



n£¥ q [T] 
n:monic 
deg n— N 

















n/ 





(1 S +F,[T] - 1f,[T]) ® ll+(l/T)F,[[l/T]] 



for all s E (l/T)F q [[l/T]] and integers N > 0. The product on the left is (for s ^ 0) 
a (reciprocal) partial product grouped by degree for the infinite product 



i n o+r 



S n£F q [T] 

n:monic 

representing the value at s of the geometric F-function over ¥ q [T]. For background 
on T- functions for function fields, see [SI Chap. 9] or |111 Chap. 4], The general 
theory of T-functions for function fields provides a vast supply of arithmetically 
significant infinite products whose partial products grouped by degree can be rep- 
resented as values of partial Catalan symbols, and thus made accessible to study 
by our methods. 

1.1.6. Examples of interpolation formulas. By a calculation with Moore determi- 
nants it is possible to rewrite (J2J in the form 

n+x ( T N+1 

(4) T q — T = 

^ lF,[T] ® (ll + (l/T)F,[[l/T]] - 9l(l/T)(l+(l/T)F,[[l/T]])) / + 

for all integers N > 0. There are two things to notice here. Firstly, dependence of 
the right side on N is "explained" by a varying exponent q N+1 on the left. Secondly, 
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the rational rigged virtual lattice appearing on the right is proper. Similarly, by a 
slightly more involved manipulation of Moore determinants, one verifies that 



that dependence on N of the right side is explained by a varying exponent q +1 
on the left and that the rational rigged virtual lattice on the right is proper. Many 
more interpolation formulas analogous to (@J) and © are known which could in 
principle be expressed in terms of values of the partial Catalan symbol on proper 
rational rigged virtual lattices. For example, there is a generalization of JSJ) for all 
O^se ¥ q (T) n (1/T)F 9 [[1/T]] (too complicated to repeat here— see Q31 §8.4-5]) 
which plays a key role in the analysis 0] of transcendence properties of special values 
of the geometric T-function over F g [T]. These examples suggest the possibility of 
a general interpolation formula relating partial Catalan symbols to "variable expo- 
nent expressions" . We prove here in the local setting that such a thing does indeed 
exist. Analogous global phenomena are expected. The author's paper [3] explains 
the (still conjectural) global picture and makes the link to Stark's conjecture. 

1.2. The asymptotic interpolation theorem. We formulate a weakened version 
of our main result precisely. We then indicate (without many details) the directions 
in which this weakened result is strengthened in order to achieve our main result. 
We comment briefly on the global situation. 

1.2.1. Apparatus from local class field theory. Let || • || be the canonical absolute 
value of k, i. e., the modulus for Haar measure on k. Let k&h/k be the abelian 
closure of A: in a fixed algebraic closure of k. Let p : fc x — > Gal(fc a b/fc) be the 
reciprocity law homomorphism of local class field theory, normalized as in |l()j . 
Under that normalization we have C p ^ = C" a " for all C in the algebraic closure 
of the prime field in fc ab and a S k x . 

1.2.2. Asymptotic interpolability. Let O be the ring of local integers of k. Let q be 
the cardinality of the residue field of O. Let ¥ q be the field of Tcichmiiller represen- 
tatives of O. Let X and Y be independent variables. Let F q [[X, Y^ 1 ] be 
the ring obtained by adjoining inverses of X and Y to the two- variable power series 
ring F q [[X, Y]}. We call £ € & a b a basepoint if there is some finite totally ramified 
subextension K/k of k^b/k such that £ uniformizes the ring of local integers of K. 
Given F S F g [[X, 1 , y — 1 ], a basepoint £ and a proper rational rigged virtual 
lattice 3>, we say that $ is asymptotically yoked to the pair (F,{;) if 



In this situation we also say that $ is asymptotically interpolable. By a straight- 
forward application of the Weierstrass Division Theorem one verifies that given $ 
and £ there exists at most one F such that $ is asymptotically yoked to (F, £). 
We will prove the following result. 





1 £) l|a|1 ) for all aek x such that ||a|| > 1. 
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Theorem 1.2.3. Every proper rational rigged virtual lattice is a finite Z,[l/p]-linear 
combination of asymptotically interpolable rigged virtual lattices. 

This result appears in the main body of the paper as Corollary 16. 1 . II to our main 
result, Theorem l6.ll 

1.2.4. Problems suggested by the asymptotic interpolability theorem. Suppose that 
$ is asymptotically yoked to (F, £). We may then consider the following problems: 

(1) Find the prime factorization of F in W q [[X, Y]] [X' 1 , Y" -1 ]. 

(2) Find the multiplicities (possibly negative) with which X and Y divide F. 

(3) For all a e k x (not just for ||a|| > 1): 

(a) find (/o(a) _1 £)" a "); in case of vanishing, 

(b) find the "order of the zero" of F at (f, (p(a)- 1 O l|a|1 ), and 

(c) find the "leading Taylor coefficient" of F at (£, (p(a) -1 f) l|a|1 )- 
These problems are solved completely by Theorem lB.ll and the apparatus introduced 
to prove the theorem. 

1.2.5. Sketch of solution. It turns out that one can read the prime factorization of 
F directly from the theta symbol 0(-, $), and that the X- and Y- multiplicities of F 
can be made explicit in terms of certain integrals involving $ and the ramification 
index of £ over k. Thus problems 1 and 2 are solved. Moreover, problems 1 and 
3b turn out to be essentially the same. To solve problems 3a and 3c, we define a 
modified version Qq of the Fourier transform which stabilizes the class of proper 
rational rigged virtual lattices, and we define 

( * ) = (*)+ ) + 

for all a S k x and proper rational rigged virtual lattices We call (!) the Catalan 
symbol. It turns out that whenever we have "one-sided" asymptotic interpolation 
as in ©, we automatically also have "two-sided" asymptotic interpolation 

( $ ) = W a ) _1 £)"°") for aek * such that max (NI> IMP 1 ) > L 

Further, it turns out that there holds a more delicate sort of interpolation which 
we call strict interpolation, valid for all a G k x , equating the Catalan symbol to a 
leading Taylor coefficient. Thus problems 3a and 3c are solved. 

1.2.6. Relationship to the global picture. In the author's paper |3] global adelic 
versions of the theta and Catalan symbols are defined, a conjecture relating these 
objects to two-variable algebraic functions is proposed, the conjecture is verified 
in the genus zero case, and it is explained how the conjecture refines the Stark 
conjecture. The results obtained in this paper, so we claim, provide detailed local 
confirmation of the author's conjecture. The claim requires justification which we 
do not provide here. We will take up the topic in future publications as part of 
our ongoing effort to prove the conjecture of 0- This paper is more or less self- 
contained. We consistently take here a local point of view complementary to the 
global point of view of • 
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1.3. Organization of the paper. In the next (second) section we fix notation and 
assumptions in force throughout the paper and we develop tools to handle products 
of the form We define rigged virtual lattices, the theta symbol, the rational 
Fourier transform Qq, and the Catalan symbol. We set up a calculus summarized by 
a short list of simple rules. We emphasize scaling rules and functional equations. In 
the third section of the paper we develop what amounts to a theory of expressions 
of the form F(£, (p(a) _1 £)" a ") and in particular make rigorous sense of leading 
Taylor coefficients for such expressions. We develop a calculus of shadow theta 
and Catalan symbols with scaling rules and functional equations parallel to those 
satisfied by the theta and Catalan symbols. In the fourth section of the paper we 
define asymptotic interpolability, strict interpolability and interpolability. We work 
out the formal properties of these notions in some detail. In the fifth section we 
explicitly construct examples of strict interpolation. In the final (sixth) section of 
the paper we prove the main result by showing that from the examples constructed 
in the fifth section all possible examples of strict interpolation can be built up by 
natural operations. 



We develop local analogues of global notions introduced in [3]. We work in 
the setting of harmonic analysis on local fields. The main result of this section is 
Theorem 12.51 (see equation (|52"|) for a simplified version) which is analogous to the 
adelic Stirling formula Thm. 7.7]. 

2.1. The set up. We specify the basic data for our constructions. We introduce 
notation and terminology used throughout the paper. 

2.1.1. General notation. Let A x denote the group of units of a ring A with unit. 
Let Is denote the function equal to 1 on a set S and elsewhere. Let #S denote 
the cardinality of a set S. 

2.1.2. The local field k. Fix a local field k of characteristic p > with maximal 
compact subring O. Let ¥ q = {x G k \ x q = x}, where q is the (finite) cardinality of 
the residue field of O. Then F g is both a subfield of k and a set of representatives for 
the residue field of O. Moreover, for every uniformizer 7r 6 O, we have O = F 9 [[7r]] 
and jfc = F ? [[7r]][ 7 r- 1 ]. 

2.1.3. Chevalley differentials. Let Q be the space of locally constant F g -linear func- 
tionals k — > ¥ q . Elements of SI are called Chevalley differentials. For every 6 G SI, 
let Res S = 6(1) G ¥ q . For every x G k and 6 G SI, let x6 G SI be defined by the 
formula (x6)(y) = 6(xy) for all y € k; in this way SI becomes a vector space one- 
dimensional over k. It is well-known that there exists a unique F 9 -linear derivation 
d : k — > fi such that 



for all uniformizers tt G O and x G k. Given £, rj G SI with n ^ and x G k such 
that £ = xrj, we write x = 



2. Theta and Catalan symbols 
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2.1.4. The Chevalley differential u>. Fix ^ u> € fl and let £> be the fractional 
O-ideal denned by the rule 

ST 1 = U e fc I Res(^w) = for all a; e O}. 

Many constructions below depend on the choice of u. But for the most part we 
suppress reference to lo in the notation. 

2.1.5. Valuations and measures. Let [i be Haar measure on fc. Normalize [i by 
requiring that 

[iO ■ = 1. 

Let [i x be Haar measure on fc x . Normalize /z x by requiring that 

fi x O x = 1. 

For each a € k, put 

||a|| = fj,(aO)/fiO, orda = —log ||a||/logg. 

The function || • || is an absolute value of fc with respect to which k is complete. 
The function ord is an additive valuation of k. Note that for every uniformizer 
7T e 0, we have 

IMI — <7 _1 j ord7T = 1. 

Note also that 

J f(a- 1 x)dn(x) = \\a\\ J f{x)d l x{x) 

for all a £ fc x and /z-integrable complex-valued functions /. For every 5 € put 

= ||J/d7r||, ordJ = -Iog||<y||/Iogg, 
where ir € O is any uniformizer. Note that 

II l|l/2 
^iC = ||w|| ' . 

2.1.6. The field ¥ and character X. Fix a subfield F C ¥ q . Fix a nonconstant 
homomorphism A from the additive group of F to the multiplicative group of nonzero 
complex numbers. Many of our constructions depend on F or A or both, but for 
the most part we suppress reference to F and A in the notation. 

2.1.7. The character e. We define 

(7) e(x) = A(tr Fij/F Res(a;w)) 

for all x G k. This is the character we will use to define the Fourier transform on k. 

2.1.8. Bruhat- Schwartz space. Given a locally compact totally disconnected Haus- 
dorff space X, e.g., X = k or X = fcx k, let S(X) denote the space of complex- valued 
compactly supported locally constant functions on X. 

2.1.9. Further notation. Let k be a fixed algebraic closure of fc. Let fc por f be the 
closure of fc in fc under extraction of p th roots. Let fc a b be the abelian closure of fc in 
fc. For each positive integer n, let F 9 « be the unique subfield of fc of cardinality q n . 
Put ¥ q oa = \J r ^L 1 ¥ q ™ C fcab- Let the absolute value || • || and additive valuation ord 
on fc be canonically extended to fc, and again denoted by |j • || and ord , respectively. 
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2.2. Apparatus from harmonic analysis. 

2.2.1. Fourier transforms. Given tp G S(k), put 

= 0(0 = / <Kz)e(-^)d/i(z), 
thus denning the Fourier transform 

F[ip] = G 5(fc). 

Given 93 G 5(fc) and a G fc x , put 

^(x) = <p(a _1 a:). 

We have a squaring rule 

holding for all tp G S(k). (Our normalization of additive Haar measure fi was chosen 
to put the Fourier inversion formula into this simple form.) Further, we have by an 
evident transformation of integrals a scaling rule 

holding for all cp G S(k) and a G k x . 

2.2.2. The Poisson summation formula. Let L C k be a cocompact discrete sub- 
group. The Poisson summation formula states that for every ip G S(k) we have 

where L -1- is the cocompact discrete subgroup of k defined by the rule 
L 1 - = {i G k I e(x£) = 1 for all ieL) 

= {£ G k I Res(a;£w) = for all x G L}, 
and fi(k/L) is the /i-measure of any fundamental domain for L. 

2.2.3. Two-variable Fourier transforms. Given complex-valued functions /1 and / 2 
on fc, set 

(/l ® /z) (0:1,0:2) = /i(xi)/ 2 (x 2 ), 

thus defining a complex-valued function f± ® /a on fc X fc. As is well-known, the 
(^-operation identifies x k) with the tensor square of S(k) over C. Given 
tp G <S(fc x fc), put 



G[<p](€, v) = J J <p(x, y) e i x i - yv)dK x ) d Ky), 

thus defining the two-variable Fourier transform 

G[<p] G S(k x k). 

Note that 

(9) Q[<pi ® pa] = -T 7-1 [yi] ® ^2] = 0i _1) <8> ^2 

for all (/9i, (/92 G S(k). (The asymmetry of the definition of Q is dictated by our goal 
of simplifying formula (fll^l below as much as possible.) 
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2.2.4. Generalized functions of two variables. Let S'(k x fc) be the space of gener- 
alized functions on fc x fc, i. e., the C-linear dual of S(k x k), and let 

(■,■) : S'(k x fc) x S(k x k) -» C 

be the canonical pairing. The theory of generalized functions in our context follows 
the pattern set classically by the theory of distributions. We identify S(k x k) with 
a subspace of S'(k x k) by the rule 

{V,i>) = (k®y 2 J J y{x,y)il){x,y)dn{x)dn{y) 

for all ip,ip € We have inserted the factor (pO)~ 2 = \\oj\\ 1 to make the 

identification independent of the choice of oj. We extend the Fourier transform Q 
to S'(k x fc) by the rule 

for all r e <S'(fc x fc) and tp e S(k x k). Given 93 e >S(fc x k) and 6, c e fc x , put 



(6,< 



\x,y) = <fi{b 1 x,c 1 y). 



We extend the operation tp (p( b ' c ) to <S'(fc x fc) by the rule 

(10) (r^),^ c )) = ||HI(r^) 

for all r e S'(k x fc) and ^3 e <S(fc x fc). We have squaring and scaling rules 

(11) g 2 [r] = r(- 1 '- 1 ), 



(12) g[r^ c )] = \\bc\\g[vf "' c "\ 

respectively, holding for all r e <S'(fc x fc) and b, c e fc x , in evident analogy with 
the squaring and scaling rules obeyed by T . 

2.3. Rigged virtual lattices. 

2.3.1. Definition. We say that $ € <S'(fc x fc) is a 'primitive rigged virtual lattice if 
there exist 

• a cocompact discrete subgroup L C fc, 

• numbers £,w e k and 

• a number r e fc x 

such that 

(13) = (KT 1 X! / <p(*>v)Mv) 

for all ip e 5(fc x fc). We have inserted the factor (fiO)^ 1 = \\u>\\ so that 
the notion of primitive rigged virtual lattice is defined independently of the choice 
of the Chevalley differential ui. We define a rigged virtual lattice to be a finite 
linear combination of primitive rigged virtual lattices with complex coefficients, 
and we denote the space of such by TZVC(k). It is convenient to associate to each 
$ e TZVC(k) a complex-valued function on fc x fc in the usual (rather than 
generalized) sense by the rule 

(14) ®*{x,y)= Um ($,l x+o0 <g>lj, +o0 )/||a||. 

||a||->0 
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Note that the "lower star rule" (|14|l for passing from TZVC(k) to functions on k x k 
is independent of the choice of u. To see that $* is well-defined, note that if 
$ E TlVC{k) takes the form (H3J, then 

(15) $* = le+L ® WrG, 

as one verifies by a straightforward calculation. Via l|13(l and (|15|l , we have 

(16) ($, v ) = (noy 1 ^ J $*(x>vMx,y)My) 

x£k 

for all $ E HV£(k) and 95 € <S(fc). Thus uniquely determines <£>. By ^D|) an d 
(|16|) . we have the scaling rule 

(17) $("- c ) e nvc(k), (& b ^)4x, y ) = 11611^(6-^,0-^) 

holding for all $ E TZVC(k) and b,c E k x . The rule (|17fl is a crucially important 
bookkeeping detail in our theory. The space lZV£(k) is stable under the action of 
the two-variable Fourier transform Q, as the next lemma and its proof show. 

Lemma 2.3.2. Let L C k be a cocompact discrete subgroup and fix £ E k. Fix 
p E S(k). //$ E TZVC(k) takes the form 

then 

(is) g[$] e nvc(k) : gi^n) = ^-1l40p(v), 

and moreover 

(19) "£$*(x,x) = J2 g W*&0- 

The sums on both sides of (|19|l are well-defined since both have only finitely many 
nonzero terms. 

Proof. We claim that 

(20) = (mO)- 1 £ -^L J ^x,y)p(y)dp(y) 

for all ip E S(k x k). The claim granted, l|18|) follows by l|16l) and the definitions. 
To prove (|20|l . we may assume without loss of generality that ip = ipi (£) <^2: where 
(pi,(fi2 S 5(fc). Plugging now into ljT3|) . using © to calculate ^[t^i (£> y> 2 ], the left 
side of l|2(J|) takes the form 



£ (W 1 / / 



l P2(x)p(y)e(-xy)dp(x)dp(y) 



whereas the right side takes the form 
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Now from the Poisson summation formula (JHJ), by substituting x i— » ip(x + £) for tp, 
we deduce the slightly more general formula 

? - S » 

holding for all </? € S(k). Equality of left and right sides of 1)21) I) reduces to the 
special case ip = JF _1 [(pi] of 121|) . The claim (|20|) is proved. Similarly and finally, 
formula (|19|) reduces to the special case ip = p of (J2TJ. The lemma is proved. □ 

2.4. The theta symbol. 

2.4.1. Definition. For a e k x and $ G TZVC(k), put 

0(0, $) = ^^(a:, a;) = ^ i.(x, a" 1 *), 

where the second equality is justified by scaling rule l|17l) . Only finitely many 
nonzero terms appear in the sum on the extreme right, as one can verify by passing 
without loss of generality to the special case (|13[) and applying formula (|15|) . Indeed, 
one finds that 



(22) 



0(o, $) = ^ l(£+L)na(^+rO) (») = #((* + i) H a(iu + rO)). 



Therefore 8(a, $) is well-defined. We call 8(-, •) the theta symbol. The object 0(-, •) 
defined here is a local version of the theta symbol defined in [3] . 

2.4.2. Basic formal properties. Fix <f> G 7?.V£(fc) and a G /c x . Via scaling rule i|17|) 
and the definition of the theta symbol, we have the scaling rule 

(23) 6(a,$ (b ' c) ) = ||6||e(oc/6,$) 

holding for all $ G TZVC(k) and a, 6, c G A: x . We claim the following: 

(24) 0(a,<P) = \\a\\e(a- 1 ,g{<£}). 



(25) 0(o,*) 



<&*((), 0) if ||a|| is sufficiently small, 
(?[<!>]* (0, 0)||a|| if ||a|| is sufficiently large. 



(26) The function (a h-> 6(a, <&)) : fc x — * Z[l/p] is locally constant. 

To prove all three claims we may assume without loss of generality that $ is of 
the form (|13|) to which Lemma \'Z . 3 . 21 applies . Functional equation (|24|) follows from 
formula (|19() . scaling rule (|23|l and the definitions. Further, (|25(l for small ||a|| and 
(|26|l are easy to check using Q22JI . Finally, (|25|l for large ||a|| follows by Q24|) from 
(|25Jl for small ||a||. The claims are proved. We call l|24[) the functional equation 
satisfied by the theta symbol. 
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2.4.3. Properness and effectiveness of rigged virtual lattices. We say that 
$ € TZVC(k) is proper if 6(-,$) is compactly supported, i. e., if 0(a,$) = for 
maxflHIJair 1 ) > 0. Equivalently, $ is proper if $*(0, 0) = and <?[$],(0,0) = 0. 
The space of proper rigged virtual lattices is stable under the action of the two- 
variable Fourier transform Q 1 stable under formation of finite C- linear combina- 
tions, and for all b, c E k x stable under the operation $ i— > $( 6 > c ). We say that 
$ E lZV£(k) is effective if 9(a,$) is a nonnegative real number for all a E k x . 
The space of effective rigged virtual lattices is stable under the two- variable Fourier 
transform Q, stable under formation of finite nonnegative real linear combinations, 
and for all 6,c <E k x stable under the operation $ i— ► $( b > c ). 

Theorem 2.5 (The Stirling formula for rigged virtual lattices). For all a E k x 
and $ £ 1ZVC{k), the formula 

6(a, $) ordw + ^ $*(a?, a" 1 ^) ordx + 



(27) 





• |M|£[$]»(o,o) ! 


;/ll*ll > i 


eK$)- | 


6(a,$) 


if 11*11 = i 




**(0,0) 


If 11*11 < i 


Hi -til 



4i x (i) 

-<I>»(0,0)arda + / (*»(0, t) ~ $.(0, 0)l o (t)) d/i x (t) 

^[*],(0, 0) orda + /(a[$]*(0, i) - 0[*]„(O, 0)l o (*))^ x (*) 



The sums on the left side of (|27|l are absolutely convergent since there appear in 
each only finitely many nonzero terms. The integral involving &(■,■) on the right 
side of i|27|) is absolutely convergent in view of the formal properties of the theta 
symbol that we have just proved. The remaining integrals on the right side of it27|) 
are absolutely convergent since their integrands are compactly supported in k x . 
We remark that (|27|l simplifies considerably if $ is proper. The theorem is closely 
analogous to Theorem 7.7] and a generalization of |5J Corollary 6.11]. 

Proof. Replacement of the pair (a, $) by the pair (1, $(!' a )) leaves both sides of (|2T|) 
unchanged, as one verifies with the help of the scaling rules l|12|) . I|17|) . and (|23H . 
along with some evident transformations of integrals. We may therefore assume 
without loss of generality that a = 1 for the rest of the proof. Further, we may 
assume without loss of generality that $ is as in Lemma 12.3.21 namely 

e(£E) 
H{k/L) 

for some p € S(k), in which case functional equation l|24|) written out explicitly 
(with t E k x in place of a E k x ) takes the form 

(28) L ^ *) = ii*n L -^ip 
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The sum on the left equals <d(t, $) and the sum on right equals ||t||0(t x , 
Now put H = lo — jlox ■ For every ip S S(k) and x S k x , put 

MW[<p] = f^(t)-l o (t) v (0))dp x (t) 7 



C + [tp]{x) = I \\T~t\\ ^ ® 



H(t- l )\\t\\y{xt)-±\o*{tMx) 



dp x (t). 



By the local Stirling formula 3, Thm. 6.6], there exists unique ip € S(k) such that 

— i o(a;)(| ordw + orda;) + C + [p)(x) if x 7^ 0, 



tp(x) 



-m = 



-ip(0)ordw + M (1) [p] if i = 0, 

-p(e)(|ordw+ ordo + /: + [p](e) if e 7^0, 

-ip(0)ordw + M w [p] if C = 0. 



Using the fact that the left side of represents 9(t, <&), and using |SJ Lemma 
6.9] to justify the exchange of summation and integration processes, we have 

E 



dp x (t), 



H(t)(G(t, $)-A)- \1q* (f)(9(l, $) - A) 
l|l-*ll 
where 

A = l L {£)p(Q) = $*(0,0). 

Reasoning similarly, but this time using the fact that the right side of (|28[) represents 
||*||e(* _1 ,0[*]), we have 



E 



MIL) 



H{t-^\\t\\m-\Qm -b)- ii x(t)(e(i,g[$]) - b) 

in -tii 



dp x (t), 



where 



p(k/L) 

It is now only a matter of bookkeeping to verify that relation (|27fl in the case a = 1 
coincides with relation l|28|) in the case ip = p and t = 1; these calculations are quite 
similar to those undertaken to prove Cor. 6.11] and so we omit further details. 
Thus the theorem is proved. □ 
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2.6. The rational Fourier transform. 

2.6.1. Trivial identities. Put 

/ r 1 ifx = 0, 

(29) A := \ x ^\ - 1 if a; = 1, | : F g -> {-1, 0, 1}. 

y [ otherwise 

Let Yj' c abbreviate X)ceF x ■ We nave 

(30) #V-\ {x) = Y,' c {l-\{C))\{-Cx), 

(31) Z' c \(Cx) = Z' c \o(Cx) 
for all x e¥. 

2.6.2. Definition of Gq . Put 

e := (x i-> A (tr Fii/F Resxw)) : fc -> {-1,0, 1}. 
Equivalently, via J7J) and (|30[) . we have 

(32) e (z) - (#F)- 1 S' C (1 - A(C))e(-Cx). 
Given ip G <S(fc x fc), put 

£oM(£,??):= / / ip(x,y)e (-x^ + yrj)dfi(x)dfi(y), 



thus defining a complex- valued function on fc x fc which by ll-il't belongs to S{k x fc). 
We call !?oM the rational Fourier transform of The operator t/o defined here is 
a local version of the global rational Fourier transform defined in 0. By an evident 
transformation of integrals we have a scaling rule 

(33) Go[^ c) ] = \M\g Q [ V ]^^ 

holding for all b, c E k x . By Ij30|l . (|31|1 and the definitions, we have 

(34) Q [<p] = (P?)" 1 ^! - \{G))Q\^ C - X ^\ 

(35) S' c aM (C,C) =S^oM (C ' C) . 
We extend Go to an operator on S'(k x fc) by the rule 

for all r £ S'(k x fc) and S S(fc x k). The operator C?o so extended satisfies the 
evident generalizations of (|33[) . (|34l) and l|35l) . 

Lemma 2.6.3. Fix £,w £ k, r € k x and a cocompact discrete subgroup L C fc. 
Given $ £ 7£V£(fc) swc/i £/ia£ 

$* = le+L ® lw+rO) 

we /iai>e 

g [$] eftV£(fc), 

(36) Cb[*].(*,*) = ^y ^Mi^,-^). 
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Proof. By Lemma f2.3.2l we have 
G[§] G TlV£{k), 

ejix-^^ 
H[k/L) 

By identity 1(34|) in its generalized form we have 

g m = (#F)- 1 s' c (i - \{C))g[^ c ~^ c ~^ e nvc(k). 

We get the claimed formula for g [$] * now by scaling rule (|17|l and formula ((32(1 . □ 

2.6 A. Basic formal properties of (?o- By the scaling rule (|17|l for the lower star 
operation and the scaling rule (|33(l in its generalized form, we have a scaling rule 

(37) g {<f> {b '%(x,y) = \\c\\g Q [$Mbx,cu) 

holding for all $ G lZV£(k) and b, c G k x . By the squaring rule and scaling 
rule H12|) for g, scaling rule 117(1 for the lower star operation, and relation 1(34(1 in 
its generalized form, we have a squaring rule 

(38) #F • g 2 [$]*(x, y) = y) + £' c $*(Cz, Cy) 

for all <& G TZV£(k), after a brief calculation which we omit. By the scaling rule 
(II 71) for the lower star operation and relation l(35() in its generalized form, we have 

(39) Z' c g{<S>UCx, Cy) = Z' c g [<Z>]*(Cx, Cy). 

By scaling rule 1(23(1 and relation ((39(1 , the functional equation 1(24(1 satisfied by the 
thcta symbol can be rewritten in the form 

(40) 9(a,$) = ||a||e(a-\ao[$]) 

holding for all a G fc x and $ € IZVC(k). In other words, we can simply replace g 
by C/o in 1(24(1 without invalidating the latter, and this noted, it follows that we can 
test $ G KV£(k) for properness by checking that $»(0, 0) = and £ [$]*(0, 0) = 0. 
It follows in turn that properness and effectivity are preserved by C?o- It follows 
similarly by 1(39(1 that Theorem 12 . 51 remains valid with g replaced by <7o- 

2.6.5. Dependence of the operator t/o on io . Let us temporarily write fx^, C/o,w in- 
stead of fj, and C/Oj respectively, in order to keep track of dependence on w. Fix 
u G fc x . We have 

II 1 1 1/2 
Vuu = |N| Vlu, 

hence 

Go^fr] = \\u\\~ 1 e A<p M ] 

for all if G S(k x fc), as one verifies by an evident transformation of integrals. 
It follows that the analogous relation holds for the canonical extension of g^ to 
<S'(fc x fc), and in particular 

(41) [®}*(x,y) = go.wi^)*(ux,uy) 

for all $ G TZV£(k), via 1(37(1 . Hereafter, until further notice, we revert to the 
system of notation in which reference to uj is largely suppressed. 
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2.6.6. Dependence of the operator Go on F. In this paragraph we temporarily write 
Go,w instead of Go in order to keep track of dependence on F. Consider an interme- 
diate field FcGcF,. For each c G F, let 

V{c,G,¥) = {v G G | tr G/e v = c}. 

From Wilson's theorem IlceF x = — 1 anc ^ ^ s analogue for G we deduce that 

(42) cr 1 Yl v= J] v = 1 = J] u 

w£V(c,G,F) «eV(l,6,F) 0#i>GV(0,G,F) 

holds for all c G F x . We have a trivial identity 

A (tr G/F iz:) = ^2 A (v _1 x) - ^ A (u _1 a;) 

C6V(1,G,F) 0^vGV(0&,F) 

holding for all x G G which leads by the definitions and scaling rule l|17fl to the 
identity 

«eV(l,G,F) 0#-uSV(0,G,F) 

holding for all $ G 1ZVC(k). Hereafter, until further notice, we revert to the system 
of notation in which reference to F is largely suppressed. 

2.6.7. Rationality and separability of rigged virtual lattices. We say that <f> G lZV£(k) 
is rational if $ can be expressed as a finite Z[l/p]-linear combination of primitive 
rigged virtual lattices. By Lemma \2. 6. 31 the class of rational rigged virtual lattices 
is stable under the operation Go- The class of such is stable also for every 6, c G k x 
under the operation $ i— ► <I>( b > c ). Given rational $ G TZVC(k), we say that $ is 
separable if both $* and <?o[^]* are Z- valued. For example, the rational primitive 
rigged virtual lattice considered in Lemma \2. 6. 31 is separable if fi(rO) / /j,(k / L) G Z. 
By H4ip. the notion of separability is independent of the choice of w. By 14311 we are 
not permitted to conclude that the notion of separability is independent of F, but at 
least we can say that if F C G c ¥ q , then "G-separability" implies "F-separability" . 

2.7. The Catalan symbol. 

2.7.1. Definition. Recall that /c pcr f is the closure of k under the extraction of p th 
roots in a fixed algebraic closure k. Note that $*(x,y) G Z[l/p] for all rational 
$ G TZVC(k) and x,y G k. Now given a G fc x and a rational rigged virtual lattice 
put 

j ) = n • n t g ° m ^ M)M e fc P x orf , 

thus defining the Catalan symbol (!) along with a partial version (;) , of it. The 
object (:) defined here is a local version of the global Catalan symbol defined in 
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2.7.2. Basic formal properties. Fix a £ k x and rational $ £ lZV£(k). It is clear 
that ($) + and ($) depend Z[l/p]-linearly on $. We have a scaling rule 



(44) ^ ^« c) j =6 ||6||(e(ac/6,4)-*.(0,0)) ^ ^ 



IN 



holding for all b, c £ k x , by scaling rule (|17|l for the lower star operation and the 
definitions. Directly from the definitions we deduce a factorization 



(45) 

and an implication 



a \ a 



/ \max(l,||a|| ) 

(46) ($ is separable) =>■ I « J efc x . 
For the Catalan symbol we have a functional equation 

(47) (^ ] ) UBll =(-i) e(s ' #) - , - <D ' o, (;) 

holding by squaring rule (|38p. scaling rule l|44|) . Wilson's theorem flceF* C = 
and l|45|) . Furthermore, we have a scaling rule 



( 48 ) ^ j = & ||oc||0 o [#],(o,o)-||bp»(o,o) ( acfi \ 



I & II 



holding for all 6, c € fc x , by scaling rule i|37|) . functional equation l|40|l . scaling rule 
(0H, and (HHJl. Note that (|44I45I47I48|) all simplify considerably if $ is proper. We 
claim the following: 

(49) The function i— > ^ ^ J J : /c x — > fc x orf is locally constant. 

To prove the claim we may assume without loss of generality that $ is of the form 
(|13|l . and it is enough to prove the analogous statement for the partial Catalan 
symbol. Local constancy is then easy to check. Indeed, we have 

= i e+L i w+r0 [ i ) = n 



X. 

+ 0^£x£(e+L)na(w+rO) 



The claim is proved. We have 

(50) ^ $ ^ = 1 for ||a|| sufficiently small. 

This is also proved by reducing to the case It follows finally that 

(51) (*) = (*) + fOT||a|l>>1 
via factorization (|45|) and functional equation l|47|l. 
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2.7.3. Simplified statement of Theorem \2.5l Fix a G fc x and proper rational 
$ G TZVC(k). In this case the Stirling formula l|27|l for rigged virtual lattices 
simplifies a lot (especially, terms on the right side can be dropped), and if we fur- 
ther simplify by writing the left side in terms of the Catalan symbol (recall that by 
(|39|l we may replace Q by Go in l|27[> without invalidating the latter) we arrive at 
the more comprehensible relation 



0(a, <I>) ord to + ord 



, . . e(at,$)-l x(t)e(a,$) 

<■>-' - / p— ^ d/i w 



$.(0,t)d/i x (f) + ||a|| / G Q m*{0,t)dfi x (t). 
In the sequel we always apply Theorem 12. 51 in simplified form 15211 . 



2.7.4. Dependence of the Catalan symbol on lo. Fix a G k x and rational 
<f> G lZV£(k). Let us temporarily write £/o,o> and instead of <? and (J), 

respectively, in order to keep track of dependence on ui. Fix u G fc x . We have 



a » g D ,u,[*].(o,o)||o||-e(o,*) ' a 



by (|41|) . the definition of the Catalan symbol, and the functional equation (|40|l for 
the theta symbol. Suppose now that <I> is proper and let ujq G f2 be a fixed nonzero 
Chevalley differential. It follows that the product 

/ / x6(a,*) / a 

(w/wo) ^ $ 

is independent of w. As a consistency check, note that the right side of formula 
(|52|l does not involve u> at all. Hereafter, we revert to the system of notation in 
which reference to oj is largely suppressed. 



2.7.5. Dependence of the Catalan symbol on F. In this paragraph we temporarily 
write <7o,f and (|) F instead of Go and (J), respectively, in order to keep track of 
dependence on F. By direct substitution into the definition of (|)f, we find via 
(|42|l and l|43|) that (:)f = {'.)g, f° r any intermediate field F C G C ¥ q , after a 
straightforward calculation which we omit. In other words, the Catalan symbol is 
independent of the choice of subfield F C F f/ . Hereafter, we revert to the system of 
notation in which reference to F is largely suppressed. 



3. Shadow theta and Catalan symbols 

We develop a second theory of symbols parallel to but independent of that de- 
veloped in the preceding section. This second theory concerns objects built from 
the raw materials of local class field theory. The main result of this section is Theo- 
rcm l3.6l which is parallel to Theorem 12. 51 in its simplified form l)52[l. Basic notation 
introduced in I remains in force. 
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3.1. Apparatus from local class field theory. 

3.1.1. The reciprocity law homomorphism p. Let 

p : fc x -> Gal(fc ab /fc) 

be the reciprocity law homomorphism of local class field theory, "renormalized" 
after the modern fashion so that 

C p(a) = c \\a\\ e FgoCj a e fc X) 

Our normalization is the same as in |l()j , but the opposite of that in X ■ 

3.1.2. The Lubin-Tate description ofk^/k. From [J] we take the following simple 
explicit description of the extension k^/k. Fix a uniformizer n £ O. Let X be a 
variable. Put 

[i] v (x) = x e o[x\. 

For n > 0, put 

[n n UX) = 7T[TT n -%(X) + ([TT n -%(X)) q G 0[X]. 

For general 

oo 

fl=^fl I 7T , eO (OiGlg), 
i=0 

put 



[a] 7r (X) = ^a i [7r"] 7r (X)G0[[X]]. 



i=0 

Note that the power series [a] T (X) is F g -linear. Put 

^tt = {0 7^ £ € fc | [7r™]jr(£) = for some positive integer n}. 

Since the polynomials [7r™] 7r (X) have distinct roots, every element of H w is separable 
over k. The set U {0} is a vector space over F 9 and becomes an O-modulc 
isomorphic to k/O when equipped with the O-action 

((a,0 [o] ff (0) :Ox(H,U {0}) -> S ff U {0}. 

This O-action commutes with the action of the Galois group of the separable alge- 
braic closure of k in k and hence C fc a t>- According to the explicit reciprocity 
law of Lubin-Tate [7] , we have 

(54) P(*)Z = Z, p(a)^=[aU0 

for all a G O x and (eS,. (Lest the reader be jarred by the seeming inconsistency 
of ()54() with Formula 2, p. 380], we remind him/her that we renormalized the 
reciprocity law.) Now for every positive integer n the polynomial 

mx)/[^-%{x) 

satisfies the Eisenstein criterion for irreducibility over O. It follows via 154(1 that 

(55) ord£ = l/[fc(0 : k}= p x {aeO x \ p(a)£ = £} 
for all (gSj. 
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3.2. Path calculus. 

3.2.1. Paths. Let X be a variable. Put 

r=^[Jx¥ qn [[x}]^\{o}. 

The set V forms a monoid with unit under power series composition. We equip the 
monoid V with an action ol Gal(fc a b/ft) by declaring that 



aV = J2{aa i )X i I V = ]T ai X l (a* G F q » 



for all tr S Gal(£; a b/fc) and V S V . We call elements of P paths. 

3.2.2. Basepoints. Let V* be the set of £ € /c a b satisfying the condition 

ord£ = M x {a e O x | P (aK = £} = V#M«)£ I a e O x }. 

Clearly Gal(/c a b/fc) stabilizes the set P*. Note that c P* for every uniformizer 
ir e O by (|55|l . If £ G P*, then for every element a; of the field generated over k 
by F g oo and £, there exists a positive integer n such that x can be expanded as 
a Laurent series in £ with coefficients in Fg». Given a pair £,77 G P* such that £ 
belongs to the field generated over k by F g oo and 77, we write £ < 77. Note that for 
each £ 6 P* and uniformizer 7r € there exists some 77 € such that £ < 77. Note 
that any two elements of P* have a common upper bound. We call elements of P* 
basepoints. 

3.2.3. The special paths U^^. Given a pair £, 77 6 P* such that £ < 77, we note that 
there exists unique 

Ut, n = U^ V {X) e P 

such that 
In particular, 

U U (X) = X. 

We find it helpful to think of U^ >v as a path leading from 77 to £. We have 



71=1 



Since fc a b/fc(£) is separable, we have 



We have 

for all a € Gal(fc a b/fc) and 

[/^(X)ll ll=(p(a)C/ S)r7 )(Xll a ll) 
for all a E k x such that ||a|| > 1. We have 

whenever we have basepoints £ < 77 < £. Combining the rules noted above, we have 

^,p(a),(^,pWc(^ l|b|l ) l|a ") = ^p(a 6K (*" Qb|1 ) 
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for all a, b G k x and £, rj, £ € P* such that £ < 77 < C- Finally, note that 

U^ p{aK (X^) = U^ pm (X^) (||a|| = H&ll and p(a)£ = p(6)0 

for all a, b £ k x such that min(||a||, ||6||) > 1 and £ E V* . We take these rules for 
granted in the calculations to follow. 

Proposition 3.2.4. Fix b,c € fc x smc/i i/iai ||6|| > ||c||. Fix (.1/ e P* suc/i i/iai 
£, < rj. Fix a set S C O x of representatives for the quotient | °gQ x |p(a)^=^} • ^ erl 
we ftaue 

^, p(b)r) (xii b ii)-[/ c , p(c)r ,(rii c ii) 
= v(x,y)IJ(^wch(^ l|6/c|l )-y) l|c|1 

for some V(X, Y) £ \JZi V [[*, Y l\ * ■ 
Proof. Since 

U a,p(b)r,{X m ) - ^,p(c)^(y" C ") = (C/ p ( c) -l 5ip(fc / c )^(X l|b/c|1 ) - E^( c )-lfr iI; (Y)) l|c|1 , 

we may assume without loss of generality that c = 1 . Fix a positive integer n such 
that 

{U Mb)v } U {Ut, v } U {U vAsb)n I a G S} C F,n [[X]]. 
By the Weierstrass Division Theorem we have a unique factorization 

l^ p(fc)l) (xll 6 H) - U StV (Y) = V(X,Y)W(X,Y) 

where 

y(x,y)eF f [[i,y]] x , 

W(-X", F) € F g n [[X]][Y] is monic in F of degree e = and 
W{0,Y) = Y e . 

It sufRces to prove that 

(57) (-iyW(X,Y) = H(U vAsb)v (X^)-Y). 

ses 

Since for each s € S we have 

= (p(s)U p(s) - Htp(b)ri )(X\\ b \\) 
= l^ p(b)l7 (Xll & H), 

each factor on the right side of (|57|l divides the left side of l|57|) in the ring ¥ q ™ [[X]] [Y] . 
Since for s ranging over S the power series U v p ^ v (X^) are distinct, the left side 
of 1371 divides the right side of l|57j l in the ring F g n[[X]][F]. Finally, since e equals 
the cardinality of S by definition of V* , equality indeed holds in l(ST|) . □ 
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3.3. Two-variable extension of path calculus. 

3.3.1. The rings A and Ao. Let X and Y be independent variables. Put 

oo 

A =\j¥ q n[[X,Y}}, A = A [X-\Y- 1 }. 

71=1 

Given nonzero F, G £ A, we write F ~ G if there exists G Aq such that F = Gif . 
Given any a, (3 € fc such that < |a| < 1 and < |/3| < 1, note that each power 
series F = F(X, Y) e A specializes to a value F(a, (3) £ k, and that if a, (3 € fc a b, 
then F{a,(3) e fc a b- 

Proposition 3.3.2. A is a principal ideal domain. 

Proof. Given an integer d > and W = W(X, Y) e A, let us say that W is 
distinguished of degree d if W(X, Y) € Ao, V^(A", Y) is a monic polynomial in Y 
of degree rf, W(0, Y) = Y d , and W(X, 0) 7^ 0. Now suppose we are given nonzero 
F € A. There are unique integers fi and ^ and unique Fq E Aq divisible in Ao by 
neither X nor Y such that F = X^Y V F . Choose n such that F Q e F g n [[A, Y~]]. By 
the Weierstrass Division Theorem there exists unique distinguished F\ € F 9 n [[A, V]] 
and unique F2 € F 9 n[[A, y]] x such that Fo = F\F%, and moreover Fi and F2 are 
independent of the choice of n. We declare the degree in Y of F± to be the A-degree 
of F. If F is a polynomial in Y, then the A-degree of F cannot exceed the degree 
in Y of F. Now let there be given a nonzero ideal I C A. Let 7^ F e I be of 
minimal possible A-degree. Choose G £ I arbitrarily. We claim that F divides G. 
To prove the claim, after multiplying both F and G by suitably chosen invertiblc 
elements of A, we may assume without loss of generality that F is distinguished 
and that G is a polynomial in Y. After dividing G by F according to the usual 
polynomial division algorithm, we may assume that G is of degree in Y strictly 
less than that of F, in which case G must vanish identically — otherwise we have a 
contradiction to minimality of the A-degree of F. The claim is proved, and with it 
the proposition. □ 

3.3.3. Valuations of A. Given nonzero F £ A, we define the A- and Y -valuations of 
F to be the unique integers m and m, respectively, such that X~ m Y~ n F belongs to 
Ao but is divisible in Ao by neither X nor Y. Given P € Ao remaining irreducible 
in A (e.g., any power series P of the form A — f(Y) or /(A) — Y with / £ V) and 
nonzero F e A, we define the P -valuation of F to be the multiplicity with which P 
divides F in A, which is well-defined since A is a principal ideal domain. 

3.3.4. Natural operations on A. We equip A with an action of Gal(/c a b /k) stabilizing 
A by declaring that 

of = ]r]>> aj ,)A^ (/' m>.- A ' v ' 

* 3 \ i 3 / 

for all a € Gal(/c ab /fc) and F e A. Given F = F(A, Y) e A, put 

F\X,Y) = F(Y,X). 

Given also £, r\ € V* such that £ < 77 and b,c e k x such that min(||6||, ||c||) > 1, we 
define 

F^](A,r) = F(C/ c , p(b) ,(All b !l),^ p(c) ,(rlHI)) 

= F(C/, (b) - 1 ^(A)ll b ll,[/ p(c) - 1 ^(A)ll c ll), 
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which belongs again to A. To abbreviate notation we write 

i. e., we drop doubled letters when possible. From the rules noted in ^ 13.2.31 we 
deduce the following rules obeyed by the "square bracket" and "dagger" operations. 
We have 

^[b>c;f,nht _ fpi\{c,b;t,ri] _ 

We have 

F[ b ^( 7? ,ry)=F((p(6)- 1 e)ll 6 H,(p(c)- 1 O l|c|1 )- 
Given also a S Gal(fc a b/fc), we have 

a fp[b,c\i,v]^ — f a p^lb,c-M,a-n]_ 

Given also a S k x , we have 

fp[b,c;$,Tj\rx, F))H a ll = (p( a )F)[ b > c -:P(aK,p{aW . yIMI) 
= (p(a)F)^ ab ' ac 'P^'^(X,Y). 

Given also d,e & k x such that \\d\\, ||e|| > 1 and £ € V* such that r\ < we have 

rp{b,c;$,ri\\[d,e;r),C] _ p[bd,ce;£,(] 

We take these rules for granted in the calculations to follow. 
3.3.5. The power series Z t ^. Given £ £ V* and t £ k x , put 

y = / Jf"* 11 - ^(*)«(^) if 11*11 >i s 

I yii t_1 ii-^ (t - 1)6 , 6 (x) if||t||<i, 

which is a power series belonging to the ring Ao. Note that 

Zi, £ = x - y 

Note that 

for all a € Gal(fc a b/fc). We claim that 

(X-y)!*- 1 ^ if||t||>l, 



(X-y)! 1 '* ; «1 if||i||<l. 



It is enough by the Weierstrass Division Theorem to show that the power series 
on the right divides the power series on the left. In the case ||t|| > 1, we have 
such divisibility because £^p(t)£,£(^f,p(t)f C^"*")) = -X""*"- The remaining cases of 
the claim are handled similarly. Thus the claim is proved. The symmetry 

follows. Denoting by {Z t £) the ideal of the principal ideal domain A generated by 
Zf t, it is clear that (Z t ^) is prime, and moreover that 

{Z u ) = {Z VA ) «• Z U = Z VA «*■ (||t|| = and p(t){ = pp)£). 

We take these properties of Z t ^ for granted in the calculations to follow. 
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Proposition 3.3.6. Fix 6, c e fc x such that min(|]6||, ||c||) > 1. Fix £,77 e V* such 
that £ < 77. Fix a set S of representatives for the quotient |°gg X |p(n)^=^} • ^ e aave 



(58) ^.^,77] ^ TT z mmi hi ,ui.,i||/,li 

seS 



stb/c.ri 



for every t £ k x . We also have 

(59) x [b > c <s< v] ~ x m ^, Y [b - C ^ v] ~ rii c ii-^l. 

For all nonzero F £ A we have 

(60) ((A - Y)-valuation of F^ c '^) = max(||6||, ||c||) ■ (Z '^-valuation of F). 
Proof. Proposition 13. 2 . 4l in the present system of notation takes the form 

H&ll > ||c|| =>{X- Y) [h ^' n] ~ Y[{(X - Y) Wc ' 1 rt)^. 



ses 



Symmetrically we have 



H&ll < ||c|| => (X-Yf^^ ~ Yl((X -y)^ VM)|i|, 

Formula l|58|> now follows after a slightly tedious case analysis the further details of 
which we omit. Statement l|59|) is clear. We record it here for convenient reference 
since it is usually applied in conjunction with 1)58(1. We turn finally to the proof 
of (|60l) . which consists of a study of divisibility properties in the principal ideal 
domain A. Let I be the Z c / b( :-vamation of F and write F = Z*, b ^W, where Z c /b,£ 

and W are relatively prime. It follows that an d W^ b ' c '^^ are also relatively 

prime. By JSHJl we can write Z l ^f n] = {X - Y) max( -^ C ^V, where X - Y and V 
are relatively prime. We conclude that 

p[b,c;£,v] — fj£ _ y^-inax(||6|| 1 ||c||)py[6,c;$,77]yi 

where X - Y and W^^V e are relatively prime, which proves (|60[l . □ 

Proposition 3.3.7. Fixb,cek x such that min(||6||, ||c||) > 1. Fix£,rj€V* such 
that £ < 77. Lei A' fee a cop?/ 0/ A viewed as a A-algebra via the homomorphism F v— > 

F lb,c;CM, (i) A' is a free A-module of rank \\bc\\ • f«J J/||6|| = ||c|| = 1, then 

A'/A is a Galois extension with Galois group isomorphic to the product of two copies 
of the quotient feff^^pf] 1 - For all F e A we have (Hi) F = ^ F^ b ' c '^ = 
and (iv) F e A x F^ c '^ e A x . 

Proof, (i) Let Aq be a copy of Ao viewed as Ao-algebra via the ring homomorphism 
F t— > F^ b ' c '^' r, \ In view of formula l|59|l . it is enough to prove that Ag is a free 

Ao-module of rank ||6c|j f | J . Let and be independent variables indepen- 
dent also of A and Y. Let AT be a positive integer such that U^ an {X) £ ¥ q N [[X, Y]] 
for all a € Gal(fc a b/fc). For any positive integer n divisible by N the quotient 

M n = ¥ q n [[a, y, v, w]]/ (x — c/j !P ( 6 )^(v r " 6 "),y — [/^^(w" ")) 
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is a free W q n [[V, W]]-module with basis {1} and a free F 9 n [[X, y]]-module with basis 

Wi = o,...w^-i,i = o,...,|| c ||^-i 

ord rj ord 77 

by the Weierstrass Division Theorem. It follows that M — Uw|n is a f rcc 

Ao-module of rank ||6c|| y °^ . Since M is a Ao-module isomorphic to Ag, we 
are done. 

(ii) The discriminant of the finite flat extension A' /A of principal ideal domains 
factors as a product of a function of X times a function of Y and hence is a unit 
of A. Thus A'/A is finite etale. Call the group in question G. The group G acts 
faithfully on the ring extension A'/A by the "square bracket" operation, and since 
G has cardinality equal to the rank of the extension A'/A, in fact G must be the 
Galois group. 

(iii) By (i) we may identify A with a subring of A', whence the result. 

(iv) By (i) and the Cohen-Seidenberg theorem, every maximal ideal of A lies 
below some maximal ideal of A', whence the result. □ 

3.4. Interpolating gadgets and Coleman units. 

3.4.1. Interpolating gadgets. Given a pair (F,£) where ^ F £ A and £ G V*, we 
call (F, £) an interpolating gadget if F^ a; ^ = F for all a G fc x such that ||a|| > 1. 

Proposition 3.4.2. Fix a basepoint £ G V* . Fix nonzero F G A. The following 
conditions are equivalent: 

(1) (F, £) is an interpolating gadget. 

(2) (i^[ b > c '?> r 'l , 77) is an interpolating gadget for every 77 G V* and b,c G fc x swc/i 
i/iai min(||6||,||c||) > 1. 

(3) (i^[ b > c '£<'?] , 77) is an interpolating gadget for some 77 G V* and b, c G fc x swc/i 
tfiaf min(||6||,||c||) > 1. 

(4) (o-F)^'® = F for all a G Gal(fc ab /fc). 

(5) F(£, (p(aT 1 £) l|a|1 ) G k for all a G k x such that \\a\\ » 1. 

Proof. The scheme of proof is (1=>2=>3=>1=>4=>1=>5=>1). To prove the implication 
(1=>2), just note that 

fp[b,c;£,ri]\[a;ri] _ (p[a;£h[&,c;£,i7] _ rp[b,c;£,n]\\\a\\ 

for all a G fc x such that ||a|| > 1. The implication (2=>3) is trivial. To prove the 
implication (3=>1), just note that for any a G k x such that ||a|| > 1 we have 

fpfait] _ p\\a\\\[b,c;tv] — rp[b,c;i,ri]j[a;r)] _ [p[b,c;Z,rj\j\\a\\ _ q 

and hence F^ a '^ — F " a " — by Proposition 13 . 3 . 7l To prove the equivalence (lo4), 
fix F G A, a G Gal(fc a b/A;) and a G fc x such that 

Then we have 

= ((p(a)- 1 F)[Ma)~ 1 £>£])NI = r(o-ir)[i^«])llo||_ 

Under hypothesis 4, the last term equals F^ a ». Under hypothesis 1 the first term 
equals F^ a K Thus the equivalence (1<=>4) is proved. We turn next to the proof of 
the implication (1=^5). Fix a G Gal(fc ab /fc) and a G fc x such that ||a|| > 1. Let 
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G = F^' a '®, in which case F(£, (p(a)- 1 ^) il a H ) = G(£,£). N °te that since (1=^2) 
holds, (G, £) is an interpolating gadget, and that since (1=^4) holds, (G, £) has 
property 4. We now have 



a(^(e,(p(a)- 1 C) l|a|1 )) = a(G(£,£)) = (aG)(a£,a£) 

= (aG)^^) = G(C,0 = F(^(p(a)-H)M), 



and hence F(£, (yo(a) _1 £)" a " ) £ fc. Thus the implication (1=>5) is proved. We turn 
finally to the proof of the implication (5=>1). Fix a, b € /c x with min(||a||, ||6||) > 1 
and choose ||a|| large enough so that F(£, (p(a) _1 £)" a " ) G As before, put G = 



F^ ^, so that G(£,£) = F(£, (p(a) _1 C) l|a|1 )- We have 

F^UKa)-^) 11611 ) = F^;e](^) = £[&;£](£,£) 

= G((p(fe)- 1 O l|fo|l ,(p(&)- 1 C) l|b|1 ) 

= (p(&)- 1 G)( /J (&)- i e,p(&)- 1 ^)ii 6 ii 

- P^-'G^O 11611 =GfcC)" 6| l 



It follows that F [b '^ ] -F l|b|1 belongs to infinitely many maximal ideals of A and hence 
vanishes identically. Thus (F, £) is an interpolating gadget. Thus the implication 



Proposition 3.4.3. Given a uniformizer 7r G O, a basepoint (eH T C V* , and an 
interpolating gadget (F, £), we have F 6 F g [[X, 1"]] [A^ _1 , . 

Proof. We have p(7r)F = (p(tt)F)^'' p ^'^ — F by the explicit reciprocity law f54) 
and the fourth characterization of interpolating gadgets stated in the preceding 



3.4.4. Coleman units. Given F G A and £ G V* , we say that F G A is a Coleman 
unit at £ if F factors as a product of elements of the set {Z t ^ | < G fc x } times 
a unit of A. We say that an interpolating gadget (F, £) is of Coleman type if F 
is a Coleman unit at £. The rationale for the terminology comes ultimately from 
Coleman's marvelous paper We have previously discussed our interest in (and 
admiration for) Coleman's paper in our papers PP and [3]. We refer the reader to 
the latter for more discussion. 

Proposition 3.4.5. Fix £ G V* and F G A. The following statements are equiva- 
lent: 

(1) F is a Coleman unit at £. 

(2) For all r) G V* such that £ < r\ and b,c G k x such that min(||6||, ||c||) > 1, 
the power series F<- b ' c '^' rl ' is a Coleman unit at rj. 

(3) For some r\ G V* such that £ < r\ and b, c G fc x such that min(||6|| , ||c||) > 1, 
the power series F^ b ' c '^' v ^ is a Coleman unit at ?]. 

Proof. (1=>2) This follows immediately from Proposition 13.3.61 (2=^3) Trivial. 
(3=>1) In any case, we have a factorization F = GH where H is a Coleman unit 
at £ and G is relatively prime to Z t .£ for all t G fc x . It follows that G^ b ' c '^ ,r ^ is 
relatively prime to Z^^' 11 ' for all t G fc x . By Proposition 13.3.61 it follows that 
Q[b,c-i,ri) - IS re i a ti V ely prime to Z tjJJ for all t G fc x . But F^^^ is by hypothesis a 
Coleman unit and G^' C[ ^ divides F^^l Therefore we have G^ b ' c ^ G A x . By 
Proposition 13 . 3 . 71 it follows that G G A x . Therefore F is a Coleman unit. □ 



(5=>1) is proved. 



□ 



proposition. 



□ 
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Proposition 3.4.6. Fix an interpolating gadget (G, rf). Fix £ G V* such that £ < r\. 
Assume that G^- U ' v ' v ^ = G for allu,v G O x suc/i f/iai p(u)£ = £ = p(v)£. Then there 
exists a unique interpolating gadget (F,£) with basepoint £ such that i* , l 1 >£>'?] = G. 
Moreover, if (G,vf) is of Coleman type, then so is (F,£). 

Proof. Existence and uniqueness of F G A such that F^ ,r ^ — G we get from 
part (ii) of Proposition 13.3.71 One verifies that (F, £) is an interpolating gadget by 
Proposition 13.4.21 Assuming that (G, rf) is of Coleman type, one verifies that (F, £) 
is of Coleman type by Proposition ^. 4. 51 □ 

3.5. Definition and basic formal properties of the shadow symbols. 

Proposition 3.5.1. Fix an interpolating gadget (F, £). Fix r\ G V* such that £ < rj. 
Fixb,c<Ek x such that min(||6||, ||c||) > 1. Put 

£ = ((X - Y)-valuation of F^>' c '^). 

(i) Then£/\\b\\ is independent off] and depends only the ratio c/b. (ii) Furthermore, 
the expression 



(61) 




F^' C '^(X,Y) 



(X - Y) e 



X=Y=7]j 



defines a nonzero element of fc por f which is independent of rj and 7r, and which 
depends only on the ratio c/b. 

Proof. For each nonzero H G A, in the unique possible way, write 
H = e(H) ■ (X - Y) 5 ^ mod (X - Y) s ^ +1 

where 

oo 

6(H) G Z n [0, oo), e(H) = e(H)(Y) e (J F g „ [[F]]^" 1 ]*. 

n=l 

In other words, S(H) is the order of vanishing of H along the ideal (X — Y), and 
e( H) is the leading coefficient of the Taylor expansion of H in powers of X — Y with 
coefficients in U^li ^g™ [[Y]] The S and e notation defined here will only be 

used in this proof, not elsewhere in the paper. It is convenient to set 

G = F^l 

Note that (G,£) is again an interpolating gadget by Proposition 13.4.21 

(i) By the definitions of £ and G, and relation i|60|) of Proposition ^. 3. 61 we have 

£ = S{F [b < c *^) = «5(G [1; «'" ] ) = (5(G). 
Thus I is independent of n. By definition of interpolating gadget we have 
§ ( F [ab,ac;t]} _ = S(G M ) = \\a\\S{G) 

for all a G k x such that ||a|| > 1. Thus £/\\b\\ depends only on the ratio c/b. 

(ii) Let r denote the number defined by (|61[) . By the Chain Rule in the form 

Kjx) = K 4 (Ut in (x))u't„(x), 

we have 

(62) (^,,(0£) 5(G ^ l|fc|l = £ (G [1 ^ ] )W/^(^ (G) . 
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The expression TJ' r ^ (£) jfc defines an element of fc a b independent of 7r by a further 
application of the Chain Rule. Thus r is independent of w. By L'Hopital's Rule in 
the form 

d((x - y)^'"]) = 1, e ((x - y)^."]) = i^„(r) 

we have 

(63) e(G^) = e(G)(U^(Y)) ■ U^(Y) S ^ G \ 

and hence the right side of (|62ll is independent of 77. Thus r is independent of 77. 
We therefore have simply 

(64) (u^(0^) S(G) r lM =e(Gm. 
By definition of interpolating gadget we have 

e(F^ ac '^) = e(G [Q; « I ) = e(G l|a|1 ) = e(G) l|a|1 

for all a £ k x such that ||a|| > 1. Thus r depends only on the ratio c/b. 

It remains only to show that r" b " £ k x . In any case we have r" b " £ k x h by (|64|l . 
Fix a £ Gal(fc a b/fc) arbitrarily. It will be enough to show that aA b ^ = r" & ". We 
have 

by the fourth characterization of an interpolating gadget given in Proposition ^. 4. 21 
followed by an application of (|63|) . We have 

by the Chain Rule. Finally, by l|64[l . we indeed have or" 6 " = r" 6 " . □ 

3.5.2. Definitions. For every interpolating gadget (F, £) and a £ k x there exist by 
the preceding proposition unique 

e sh (a,F,e)eZ[i/p], ( F ^) h efc p x crf 

such that the following statement holds: for all v,w £ k x , rj £ V*, uniformizers 
tt £ O, and integers £ such that 

a = w/v, min(||w||, ||uj||) > 1, £ < 77, 
£ = ((X - revaluation of F^' 10 ^ 1 ), 

we have 

(65) He sh (a,F,£)=^, 



We call ©sh(')")') the shadow theta symbol and ( | ) sh the shadow Catalan symbol. 
The somewhat complicated definitions of these symbols have been contrived to 
trivialize the verification of their formal properties. 
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3.5.3. Formal properties of the shadow theta symbol. Let (F,£) and be inter- 
polating gadgets with a common basepoint and fix a £ k x arbitrarily. We have 

6 sh (a, FG, = 9 sh (a, F, + 6 sh (a, G, £)• 
We have a functional equation 

(67) Q ah (a,F,C) = \\a\\Q ah (a- 1 ,F^O- 

This should be compared with functional equation (|40|l for the theta symbol. Given 
also b,c £ k x such that min(||6||, ||c||) > 1, we have a scaling rule 

(68) e sh (a,F^ c ^\ V ) = \\b\\e sh (ac/b,F,0- 

This should be compared with scaling rule (|23J) for the theta symbol. We have 

(69) (^-valuation of F) = G sh (t, F, £)/ max(||i||, 1) 

for all t £ k x . In principle (|69|l could have been taken as the definition of the 
shadow theta symbol. The function 

(a~e Bh (a s F,0) -k x - Z[l/p] 

is compactly supported and factors through the quotient 

k x /{a£(D x |p(a)£ = £}. 

This should be compared with properties l|25l) and H26|) of the theta symbol. The de- 
ductions of these formal properties of the shadow theta symbol from the definitions 
are straightforward. We omit the details. 

3.5.4. Formal properties of the shadow Catalan symbol. Again, let (F, £) and (G,£) 
be interpolating gadgets with a common basepoint and fix a £ k x arbitrarily. We 
have 

a \ f a \ ( a 
We have a functional equation 

,70 » (^)1 L( ; 1)W ' £, (^^ 

This should be compared with functional equation (|47|l for the Catalan symbol. 
Given also b, c £ k x such that min(||6||, ||c||) > 1 and r/ £ V* such that £ < r\ we 
have a scaling rule 

\ _ / ac/b 



( 71 ) ( F\b,c;£, v ] )V 



sh 



This should be compared with scaling rule (|44|l for the Catalan symbol. We have 
(72) ( ) = ^' (P^)~^) M ) for max(||a||, Half 1 ) » 0. 

(More precisely, the equality above holds for a £ k x if and only if 8 s h(a, F, £) = 0.) 
The function 

a 



F,£ 



sh 



• l-x _v Z-X 

• K ^ K perf 



factors through the quotient fc x /{a e O x | p(a)£ = £}. This should be compared 
with property l(4*3|l of the Catalan symbol. The deductions of these formal properties 
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of the shadow Catalan symbol from the definitions are straightforward. We omit 
the details. 

Theorem 3.6 (Shadow Stirling formula). 
Fix an interpolating gadget (F,£). 



(i) For all a G k x we have 



Q sh (a,F, £)ordcj + ord 



a 



sll 



. /• e sh KF,Q-i O x(t)e sh ( ffl ,F,0 x 

(73) - J ||l d ^ w 

+(X- valuation of F) ■ ord£ 
+ ||a|| • (F-valuation of F) ■ ord£. 

(ii) The following statements are equivalent: 

• (F, £) is of Coleman type. 

• Equality holds in j75] ) for all a G k x . 

• Equality holds in \7ty for at least one a E k x . 

(Hi) Let 5(a) denote the left side of J7^| ) minus the right side of j73| ). TTien w;e 
limsup(5(a) < oo, lim sup 5(a)/ \\a\\ < oo. 

||a|| — >oo ||a|| — >0 

This theorem is parallel to the simplified statement l|52|l of the Stirling formula for 
rigged virtual lattices. 

Proof. We turn first to the proof of part (i) of the theorem, which is most of the 
work. Choose b, c € k x such that min(||6||, ||c||) > 1 and a = c/b. Also choose a 
uniformizer n G O and r; G such that £ < 77. Put 

i=((X - revaluation of F^ b ' c '^), 

F = F(X } Y) = F^ C '^(X,Y)/(X - Y) e , 
G(X,Y) = ((X - Yf'^^Y, G(X 7 Y) = G(X,Y)/(X - Y) e , 
noting that 

G( VlV ) = Kj v y, 

and also that 

t= \\b\\e sh (a,F,0 

by definition of the shadow theta symbol. By definition of the shadow Catalan 
symbol, 

ord F(r), rf) — ord G(rt, 77) 
equals the lefthand side of if?^ multiplied by ||6||. 
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We turn to the investigation of the righthand side of (|73Jl . Choose a set of 
representatives T% C k x for the quotient 

k x /{a£(D x |p(a)£ = a 

By (|69|) we can write 

jp ^ , J£ (X- valuation of F) t ^(K-valuation of F) 



(74) -q z & sh u.r-< n,;,xi M|. I, 

teT e 



where € Ao is a power series divisible neither by X, nor by Y, nor by Z t ^ for 
any i e T^. Now let n be the smallest positive integer such that [tt"]^ (77) = 0. By 
the explicit reciprocity law l|54ll of Lubin-Tate, 

{a£<D x \p{a)7 1 = 7 1 } = l + TT n O. 

Choose a set T, ; of representatives for the quotient k x /(l + n n O), making this 
: T v . We have 

W^ c *^] . ^(^-valuation of F)||&||-gff 
^(Y-valuation of i^llcll-S^I 



choice so that 1 £ T n . We have 



(75) 



,||b||e Bh (ta,F,0/max(||t||,l) 



• n zgf 

by (JSHJl, jnnj), and after a calculation which we omit. Note that W^ b ' c ''^ is 
divisible by neither X, nor Y, nor by Z t r) for any t £ k x . We have also 

i/teT„ne> x 

by (|58|l and the definition of the shadow theta symbol. For 1 7^ t £ T v we have via 
the explicit reciprocity law <|54|l and the definition of Z t ^ that 

(7( .s Old Z t , v (T),Tl) = /i X (l+^0) 

1 ' max(p||,l) ||l-f|| ' 

A straightforward calculation now shows that 

ordFfo??) - ordC%?7)- ordW((p(b)- 1 £) m , (pCc)"^)" ") 
equals the right side of (|73|) multiplied by ||6||. Since 

ardW((p(6)- 1 O l|6|| ,(p(c)- 1 O l|c|| )>0, 

the proof of part (i) of the theorem is complete. 

We turn to the proof of part (ii) of the theorem. Now (F, £) is of Coleman type 
if and only if W ~ 1 only if equality holds in l|73|) for all a £ k x . Thus the first 
of the three given statements implies the second. Of course the second statement 
trivially implies the third. Clearly, (F, £) is not of Coleman type if and only if W 
is a nonunit of Ao if and only if inequality holds in 1731) for all a £ k x . Thus the 
negation of the first statement implies the negation of the third statement. The 
proof of part (ii) of the theorem is complete. 
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We turn finally to the proof of part (iii) of the theorem. By the Weierstrass 
Division Theorem applied in F g m[[X, Y]] for some m, we may assume that W is a 
monic polynomial in X of degree d and that W(X, 0) = X d . Then we have 

||6|r 1 ordW r ((/3(6)- 1 O l|h|l ,(/5(c)- 1 O l|c|1 ) -rfordC 

for ||c/6|| = ||a|| 3> 1, which proves limsupi^n^^ 5(a) < oo. The finiteness of 
limsupii^i^Q (5(a)/|ja|| is proved similarly — one instead reduces to the case in which 
W is a monic polynomial in Y of degree e such that W(0, Y) = Y e . The proof of 
part (iii) of the theorem is complete. The proof of the theorem is complete. □ 

4. Interpolability and related notions 

We now bring the two theories of symbols into alignment. We define the notion 
of interpolability along with several variants. We work out key consequences of 
these definitions. 

4.1. Definitions. 

4.1.1. Asymptotic interpolability. Given a proper rational rigged virtual lattice $ 
and a pair (F, £) with ^ F £ A and £ £ V* , if 



for all a £ k x such that |ja|| 3> 1, we say that $ is asymptotically yoked to (-F, £). 
Note that (F, £) is in this situation automatically an interpolating gadget by Propo- 
sition Ij^OI We say that a rigged virtual lattice $ is asymptotically interpolable if 
$ is rational, proper and asymptotically yoked to some interpolating gadget. 

4.1.2. Remark. The notion of asymptotic interpolability defined above seems to 
differ from that defined in the introduction. Let us now reconcile the definitions 
by proving asymptotic interpolability in the two senses to be equivalent. In any 
case, it is clear that given any proper rational virtual rigged lattice asymptotic 
interpolability of $* in the sense defined in the introduction implies asymptotic 
interpolability of $ in the sense defined immediately above. Conversely, suppose 
that 4> is asymptotically yoked to (F,£) in the sense defined immediately above. 
The problem here is that we might not have F £ F g [[X, Y]][X -1 , F -1 ]. Fix a 
uniformizer n £ O and then choose ij € 3, such that £ < 77. Put G — F*- 1 '^. 
By Proposition 13. 4. 2l both (F,£) and (G, 77) are interpolating gadgets. By Propo- 
sition we have G £ F g [[X, Y]][X -1 , Y -1 ]. One verifies easily that (G,rfj is 
asymptotically yoked to in the sense defined in the introduction. The proof of 
equivalence is complete. 

4.1.3. Strict interpolability. Given a proper rational rigged virtual lattice $ and an 
interpolating gadget (F, £) such that 

(77) Q(a,$) = G sh (a,F,Q, ( J ) = ( ^ 

for all a G fc x , we say that <& and (F, £) are yoked. We say that a rigged virtual lattice 
$ is strictly interpolable if $ is proper, rational, and yoked to some interpolating 
gadget. A strictly interpolable rigged virtual lattice is necessarily effective, and 
moreover necessarily asymptotically interpolable by (|5T|l and JEJ. 
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AAA. Dependence of the yoking relation on lu and F. The relation "$ and (F,£) 
are yoked" is invariant under change of the Chevalley differential lu as one sees 
by comparing the definition (|66|l of the shadow Catalan symbol to formula l|53|) 
describing the effect of change of lu on the Catalan symbol. In other words, lu 
"cancels" when one forms the ratio (§) / (f,^)^- The yoking relation also remains 
invariant under change of subfield FcF, since neither the Catalan symbol nor its 
shadow depend on F. Thus the yoking relation is intrinsic. Similarly, but much 
more trivially, the asymptotic yoking relation is intrinsic since neither lu nor F have 
anything to do with that definition. 

4.1.5. Interpolability. Given $ G lZV£(k), we say that $ is interpolable if 

N 

for some integer N > 0, numbers a,; G Z[l/p], numbers 6j,Cj G k x , and strictly 
interpolable rigged virtual lattices <&i. Given also for each i the basepoint £j of 
some interpolating gadget yoked to <&i , and some common upper bound £ G V* for 
the £j, we say that $ is of conductor < £. An interpolable rigged virtual lattice is 
automatically proper and rational. By definition the space of interpolable rigged 
virtual lattices is a Z[l/p]-module, and also for every b, c G k x stable under the 
operation <£> i-> $( b > c ). 

Proposition 4.2. Lei (P 1 , £) and (G, 77) 6e interpolating gadgets asymptotically 
yoked to the same proper rational rigged virtual lattice. Let £ G T 5 * 6e a common 
upper bound for £ and 77. T/ien we have F^ 1 '^'^ — G^ 1 ' 71 '^. 

Proof. Put F = FV-t'Q and G = G^ 1 ™'®. For every a G fc x such that ||a|| > 1 we 
have 

^(C,(K«)- 1 C) l|a|1 ) = F(^(p(a)-^) M ) 

= G(n,(p(a)- 1 ?7 )NI)=G(C,(p(a)- 1 C)'l a 'l). 

Thus the difference F—G belongs to infinitely many maximal ideals of the principal 
ideal domain A and hence vanishes identically. □ 

Proposition 4.3. Let $ be a strictly interpolable rigged virtual lattice yoked to an 
interpolating gadget (F,£). Then Go[<f>] is strictly interpolable and yoked to (F',£). 

Proof. Fix a G k x arbitrarily. We have 

||a||e(a-\a [$]) = 9(a,$) =Q sh (a,F,0 = \\a\\Q A (a- 1 , F* ,£) 

where the first and third steps are justified by the functional equations (|40|l and 
(|F>7|) satisfied by the theta symbol and its shadow, respectively. We have 

f a_1 V' a " - r-n°( Q '*) ( a \ 
\ Gal*} J ~ [ ' \ * J 

where the first and third steps are justified by the functional equations Q47JI and 
(|7n|l satisfied by the Catalan symbol and its shadow, respectively. □ 
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Proposition 4.4. Let $ fee a strictly interpolable rigged virtual lattice yoked to an 
interpolating gadget (F,£). Let b,cE k x be given such that min(||6||, ||c||) > 1. Let 
i] G V* be given such that £ < r\. Then <I>( b ' c ) is strictly interpolable and yoked to 
(F^ c ^\n). 

Proof. Fix a £ k x arbitrarily. We have 

0(o, <& (b < c) ) = ||6||e(oc/b s $) = \\b\\Q(ac/b, F, Osh = 0(a, 

where the first and third steps are justified by the scaling rules <|23[) and (|68|1 for 
the theta symbol and its shadow, respectively. We have 

\ / /> \ IN / /, \ llfcll / 
a \ _ I ac/b \ _ I ac/b \ _ I a, 



where the first and third steps are justified by the scaling rules lf4"%)) and (fTTJl for 
the Catalan symbol and its shadow, respectively. □ 

Proposition 4.5. Let $ be a rational rigged virtual lattice such that $*(0,0) and 
Go[<f>]*(0,0) are integers. Fix a uniformizer n € O. Fix b € k x . Let B(X) G 
F 9 [[X]][X _1 ] be the unique Laurent series such that B(ir) = b. Put 

F(X,Y) = B(X)-**^B(Yf°W*(°^ S A x . 

Then: (i) (F,tt) is an interpolating gadget, (ii) ^ b ' b ' > /\\b\\ — $ is strictly interpolable 
and yoked to (F, 7r) . 

Proof, (i) For all G € F g [[X,y]][X _1 ,y- 1 ] and d,e € k x such that 
min(||ff||, ||e||) > 1 we have G^ e;7r l (X, Y) = G(X^ , Y " e H ), and hence (consider 
the case d = e in the preceding) the pair (G, tt) is an interpolating gadget. In 
particular, (F,tt) is an interpolating gadget, (ii) Fix a € k x arbitrarily. By scaling 
rule we have 

e(a,$ (b ' b) /l|fr|| -*) = 0. 

By scaling rule l|48|) we have 

a 

$(*.*)/||6||-$ 



Since i* 1 is a unit of A, 
and 



_ j,lklieo[*].(o,o)-*«(o,o) 
e sh (a,F,C) -0 



f ° ) =F [i,^]| x=y=7r = F ( 7r ^ll«ll) = 6ll a [l G «[*]*( ^-**^°). 

V ^' 7r J ah 

Thus we have strict interpolation as claimed. □ 

Proposition 4.6. Let ^ be a strictly interpolable rigged virtual lattice yoked to an 
interpolating gadget (-F, £). Then {F,£) is of Coleman type, and moreover 



(78) 



(X.valuatio.of^o^ . /*,(», <)**«), 
(y- valuation of F) ■ ord £ = J g [^]„(0,t)dfj, x {t). 
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Proof. By our hypotheses combined with Theorem 12.51 in its simplified form l|52(l 
and part (i) of Theorem 13.61 we have 

(5(a) = (^J $*(0,i)dn x (t) - (X-valuation of F) ■ ord£J 



+ 



Ml (J Qo[$}*(0,t)dfi x (t) - (F-valuation of F) ■ ord^j > 0. 



By part (iii) of Theorem l3.6l this is possible only if 6(a) vanishes identically, whence 
(ITSjl . By part (ii) of Theorem 13.61 since 5(a) vanishes identically, (F, £) must be of 
Coleman type. □ 

Proposition 4.7. Let <f> be a rigged virtual lattice. Let r be a power of the char- 
acteristic p ofk. Assume that r$ is strictly interpolable and that 

/ \ max(l,||a|| _1 ) 

(79) ( I J ek x for max(||a||,||a|r 1 )»l. 
Then $ is strictly interpolable. 

Recall that if $ is separable, then (|79|l is satisfied, by (|46() . 

Proof. Let r$ be yoked to (F, £). It is enough to show that F 1 '* <E A, because once 
that is shown, it is easy to verify that (F 1 ' 7 ",^) is an interpolating gadget yoked to 
By formula (|72(l and hypothesis we have 

F(Z, (p(a)- 1 O l|a|l ) max(1 ^ l|a|rl) G {k x ) r for max(||a||, Half 1 ) » 1. 
Choose ao £ k x such that 

||oo||>r, p(ao)-^ = ^ p(a )- 1 F = F. 

Then we have 

(80) F(^\^,F(^^ a ^') e (k x ) r fori>0. 
Write 

r-l 

F(X, Y) = J2 F 3 {X r , Y)X' (Fj(X, Y) e A) 

3=0 

in the unique possible way. Let K be the field generated over k by F g oo and £. For 
some integer io > and all integers i > io we have 

r-l 

J2 F 3(C,&° r )¥ G {k x ) r c K r 

3=0 

by H8Q|I . But the powers {^}^=o form a basis of if as a vector space over K r , 
and Pj(C\£ l|oo|l< ) G K r for all i > and j = 0, . . . , r - 1. We therefore have 
Fj((, r , £" a °" 1 ) = for all i > io and j — 1, . . . , r. But then, for j = 1, . . . , r, since 
Fj (X, Y) is contained in infinitely many distinct maximal ideals of the principal 
ideal domain A, necessarily Fj (X, Y) vanishes identically. Thus we have 

F(X 1 ^ r , Y) = F (X, Y) e A. 

Symmetrically, we have 

F(X, Y 1 ^) e A. 

Finally, we have F(X l / r , Y 1 ' 1 *) G A and hence F 1 / r e A. □ 
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Proposition 4.8. Fix a basepoint £ 6 V* . Let $ be an interpolable rigged virtual 
lattice of conductor < £. Then there exist strictly interpolable rigged virtual gadgets 
<£>± each of which is yoked to an interpolating gadget with basepoint £ such that 
r$ = <f> + — $_ for some power r of the characteristic p of k. 

Proof. By hypothesis 

N 
i=l 

where a, € Z[l/p], 6j,Cj € fc x , $j is strictly interpolable, and <&i is yoked to some 
interpolating gadget (-Fi,£j) such that £j < £. For each index i choose d t E k x such 
that min(||dj6j||, ||djCj||) > 1. Then we have 

N N 
1=1 i=l 

By Propositions l4.4l and l4.5l we have now exhibited $ as a finite Z[l/p]-linear combi- 
nation of strictly interpolable rigged virtual lattices each yoked to an interpolating 
gadget with basepoint bounded by £. After relabeling, we may simply assume that 

N 

i=l 

where on S Z, r is a power of characteristic p of fc, $i is strictly interpolable, and 
<i>i is yoked to an interpolating gadget such that £j < £. By Proposition ^. 41 

we may assume that = £ for all i. Finally, after grouping terms according to the 
signs of their coefficients, we may assume that N = 2, o>i = 1 and ai = — 1, in 
which case $ + = $i and $_ = $2 have the desired properties. □ 

Proposition 4.9. Let a rigged virtual lattice $ and a basepoint £ G "P* &e given. 
Lf $ is interpolable of conductor < £, effective and separable, then <I> is strictly 
interpolable and yoked to an interpolating gadget with basepoint £. 

Proof. By Proposition ^. 8l we may assume that for some power r of the characteristic 
p oi k and strictly interpolable rigged virtual lattices <I>-|- yoked to interpolating 
gadgets (F±,£) we have r$ = <f> + — <f>_. Put F = F+/F-. Now _F a priori belongs 
to the fraction field of the ring A, but by Proposition 14.61 the power series F± are 
Coleman units with respect to £, and hence, since $ is effective, one can by means 
of formula (|69|l verify that F_ divides F + and hence F E A. It is not difficult to 
verify that (F,£) is an interpolating gadget yoked to r$; these details we omit. 
Finally, (F 1 ^,^) is an interpolating gadget yoked to <£> by Proposition 14 . 71 and our 
hypothesis that <E> is separable. □ 

5. Concrete examples of strict interpolation 

Theorem 5.1. Fix a uniformizer tt € O . Fix a sequence {£,i}fZo ^ n ^ab satisfying 
the relations 

[ -f 9-1 ifi = l 

e ° = "' *- 1 = \«b+g in>i 

for i > 0. Put 

00 

L = 0F, • 7r _i C k. 

i=l 
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Fix t £ fc x and an integer M > such that \\ir \\ > \\t\\. Let be the unique 
primitive rigged virtual lattice such that 



l t+L 



L t+o- 



The — is strictly interpolable and can be yoked to an interpolating gadget with 
basepoint £jy- . 

The proof of the theorem, which is by explicit calculation and construction, takes 
up the rest of this section. The theorem is going to play a vital role in the proof of 
our main result. We point out that the sequence is a 7r-division tower for 

the Lubin-Tate formal group discussed in H3.1.2I For simplicity we assume that 



F 



dir. 



(81) 

As explained in M4.1.4I these assumptions entail no loss of generality. The calcu- 
lations undertaken here are similar to those in [21 §10], but on the whole simpler 
since local rather than adelic. 

5.2. Review of some determinant identities. 

5.2.1. The Moore identity. Given x\, . . . , x n € k, we define the Moore determinant 



Moore(a;i 



j ) 



det x\ 



e k. 



Note that Moore(a;i , . . . , x n ) depends F 9 -linearly on each of its arguments, and van- 
ishes unless its arguments are F^-linearly independent. Assuming that xi, ...,x n 
are F 9 -linearly independent, we have 



(82) 



Moore(xi, . . .,x n ) = J| J| (x, + v), 

i=l v£_Vi 

, x n . This is the well-known Moore identity. 



where Vj is the F 9 -span of x i+ i, . . . , 
5.2.2. The Ore identity. Given £ S f2 and x± 



, , x n € k, put 



Ore(C,a;i, 



Res(xiC) x i 



Res(x„C) %n 



e k. 



It is clear that 



We call Ore(C, Xi, . . . , x n ) the Ore determinant of x±, . . . , x r . 
Ore(C, X\, . . . , x n ) depends F g -linearly on each of its arguments. Suppose now that 
Xi, . . . ,x n are F^-linearly independent and that Res(xi^) ^ for some i. Let V be 
the F g -span of x±, 



(83) 



, x n . From the Moore identity one easily deduces that 
Ore(C,xi,...,a;„) 



Moore(a;i 



i %n ) 



n 



vGV 
Res(uC) = l 



The latter we call the Ore identity, because it makes available to us certain useful 
features of Ore-Elkies-Poonen duality [HJ §4.14]. The definition of the Ore determi- 
nant here is just a slight modification of the definition made in [2] §2.8]. 
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5.2.3. Special cases of the Jacobi-Trudi identity. Let xi, . . . , xn be distinct elements 
of k. Let Z be a variable. We have 



(n complete symmetric function of x\, . . . ,xn) 



(84) 



,r 



n+N-l 
.N-2 



1 



n+N-l 
N 

x N 



1 



„N-1 



1 



JV-1 



Res z= o (Z- n Ui=i(^- + ^Z)f ) 
(n*' 1 elementary symmetric function of ari, . . 



(85) 



JV-n 



1 



iV 
t-jV 



JV-n 



1 



.JV-1 



r Ar-i 



where the "hat" indicates omission. In the first identity n may take any nonnegative 
value, whereas in the second we restrict to < n < N. The expressions on the left 
sides are residues of meromorphic differentials on the Z-line over fc; we will make 
more use of such expressions later in our calculations. The denominators on the 
right sides are Vandermondc determinants. These identities are special cases of the 
Jacobi-Trudi identity. Concerning the latter, see 1,3] for background and details. 



5.3. Calculation of symbols. Fix a e k 

e(a,* t -*i), 



We will calculate the symbols 
a 

*t - *i 



expressing the Catalan symbol in terms of Moore and Ore determinants. Along the 
way we verify that — is proper. 

5.3.1. Calculation of the theta symbol. Note that 

k = L® O. 

For every x G k we write 

x = [x\ + (x) {[x\ e L, (x) e O) 

in the unique possible way. We have 

(t + L) C a{t + O) ^ 
^ (a-l)t€L + aO 
(86) ((a-l)t>eoO 

^ [at\ + (t) e {t + L) n a(t + O) 
=> [at] + (t) ^ 0. 
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By scaling rule fT7| we have 

(*j 1,o) ). = l t+ L®l ( t + 0)) 

hence via (|86|1 we have 
(87) 

{l[atl+{t)+LnaO - li+Lnao) (x) if ||a|| > 1, 

1 {lat\+{t)}(x) if ||a|| < 1 and ((a - l)t) S aO, 
if jjajj < 1 and ((o-l)i) gaO, 

and hence via scaling rule l|23[l for the theta symbol and the definitions we have 

e(a > *t-*i) = e(i J *| 1 ' o) -*i 1 ' o) ) 

1 if ||a|| < 1 and ((a — l)t) £ aO, 
otherwise. 

Since 9(a, ^ t - *i) = for max(||a|j, ||a|| _1 ) > 0, we have verified that ^ t - *i is 
proper. 

5.3.2. Calculation of the rational Fourier transform. Under special assumption l|81() 
we have 

L x =L, 5) = O, fi(k/L) = fi(0), 

and hence 

(89) GM*{x,v) = A (Res(f(y - x)dn))l L (x)l (y) 

by Lemma 12.6.31 where (recall that) we have 

f 1 if C = 0, 
A (C) = ^ -1 if C = 1, 

[ if {0,1} 

for all C e¥ q . 

5.3.3. Analysis of the rational Fourier transform. From H89[l via scaling rule 1|H7JI. 
we deduce that 

G [* { t'%{x,y) = \\a\\g [^ t Ux,ay) 

= ||a||A (Res(*(oy - x)dn))l L (x)l a -i (y) 

g o m x ' a 'Ux,x) = ||a||(l i(i)O)0) (ar) - l i(i)0)1) (x)), 
where 

L(t,a,C) = {le L n a" 1 © |Res ((a - l)t£dn) = C) 
for every C G ¥ q . Also put 

L(t,a,*)= (J L(i,a,C). 

ceF* 

Note that 

(90) L(i,o,*) = 0"O-((o-l)t)GoO, 



and hence 

v(ba) 
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(91) 



li(t,a,0) — li(l,o,0) — *-L(l,a,*) — li(t,a,*)i 



(92) 



It follows that 



L(l,o,l) 



-7T- 1 +7r- 1 J Lna- 1 C if||o||<l, 
if||o||>l. 



r o 

if Hall > 1. 



(93) 



ll a ll(l— w- 1 +w- 1 Lna- 1 + ScgF? lc7r- 1 +7r- 1 Lna- 1 o)( ;c ) 

if ||a|| < 1 and ((a - £ aO, 

l|a||(lL(l, a ,l) + li(l,a,*) - li(t,o,l) _ ^-L(t,a,*))( x ) 

if ||a|| < 1 and ((a - l)t) £ aO. 

5.3.4. Calculation of the Catalan symbol. We now obtain a formula for the Catalan 
symbol (* t by combining formulas Wilson's theorem IIceF* ^ = — 1> 

the definitions, the Moore identity l|82|) . the Ore identity (|83|l . and the scaling rule 
(gHJ for the Catalan symbol. Write 



|a|| = ||7r- JV || = || 7 r I '+ 1 | 



We have 



(ha) lT ,(l>") 



(94) 



Moore( [atj + (i) , tt^ 1 , . . . , n 
Moore(l,7r- 1 , . . . ,n- N ) 

if Hall > 1, 



([at\ + (t)) 



Moore(7r , . 



]Vloore(7r~ 2 , . . . , n~ u 
if || a|| < 1 and 6(a,* t -*i) = 1, 



/Ore(t(l - a)d7r,7r _1 , 
\ Ore(d7r, 7T _1 , . . . . 



if ||a|| < 1 and 9(a, # t - *i) = 0. 

5.4. Construction of a candidate. We construct the interpolating gadget ulti- 
mately to be yoked to Vf^ — 
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5.4.1. Special elements of A. Put 



to simplify writing below. Put 



eW q [[X,Y]] C A for i = 0,...,M. 



We have 



(95) 



Xi-i 



XoXt + X? ift>l, 
-Xl~ l if i = 1, 

YoYi + Y? ifi>l, 
-rr 1 if i = 1, 



for i = 1, . . . , M. 



By the explicit reciprocity law l|54|) and the definitions, we have 
X 



(96) 



for all 



XI ifi = 0, 

T.t^xf. ifi >0, 



r 9T if i = 0, 



6 = ^6^, c = ^c 4 tt 4 (ft^CjeF,, 6 ^0, c ^0), 

i=0 i=0 

integers /?, 7 > 0, and i = 0, . . . , M. 



5.4.2. Generating functions. Put 



/ = /(x,Y,z) = ^/ n (x,y)z" = 



i=0 



ri=0 



5 = g(X, Y,Z)=J2 9m(X, Y)Z m = 



i=0 
M-l 



G A[[Z]] 



i=0 



A/-1 



m=0 



i=0 



We remark that 

f n (x,Y) g (x ,y ) n cF,[[i,y]], ffm (x,r) GF g [[x,Y]][x-\y- 

for all m, n > 0. 
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5.4.3. Definition of F t . Write 

oc 

t= & eF ?)> 

i=-M 

and then put 

oo M 

F t = F t (X,Y) = Y,tifi(X,Y) -J2t-i9i-i(X,Y) e A. 

j=0 i=l 

The sum J2iLo tifi(X, Y) converges (X Q , lo)-adically in F 9 [[X, Y]] and hence F t is 
well-defined. We remark that in the case M = 0, one simply ignores here and below 
all functions and formulas connected with g. 



5.4.4. An explicit reciprocity law obeyed by F t . Given a £ 0, we write (a\Z) € 
Fq[[Z]] for the result of expanding a as a power series in ir with coefficients in ¥ q , 
and then replacing tt by Z. Let us agree to extend the "square bracket operations" 
from A to A[[Z]] coefficient-by-coefficient. From (|96|l we deduce that 

f [**-", c*-r;Q( XiY ,Z) = f(X q ",Y q \Z), 

g^~ ff ' c ^^(X,Y,Z) = M (- h \z)g{X« P ,Y<t\Z) 
where =m denotes congruence modulo the ideal (Z M ) C A[[Z]], and hence 
(97) if^' OT ~^(X,Y) = F Vcm + {t) {X qC \Y q ') 

for all b,c £ O x and integers j3, 7 > 0. In particular, it is clear that the pair 
(Fj 1,7r is an interpolating gadget. We will yoke (Ft to — 



5.4.5. Reduction of the proof. Note that 

(98) (^-*i) (1 ' u) =* L «*J+<t) 

for all u € O x via scaling rule 1|17|) . On account of l|98|l and its analogue (|97|l . along 
with the scaling rules obeyed by the four types of symbols, we have only to prove 
that 

e sh (7r- N -\F u o = e(Tr- N ,y t -*i), 

(") / „-N-l \ / n -N 



for all integers N in order to yoke [F^ 1 ^ '^,0 to — ^1, thereby completing the 
proof of the theorem. 



5.5. Completion of the proof. Throughout the calculations remaining, let N, v 
and n be nonnegative integers and let m be an integer in the range < m < M . 
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5.5.1. Specialization off and g. We write 

dF 1 dF 



dX U' TA {X)dX 

for all F € A[[Z]]. From l|95|) we deduce the functional and differential equations 

f(X,Y,Z) = (l-Y Z)f(X,Yi,Z), 
f(X«,Y,Z) = (l-X Q Z)f(X,Y,Z), 

df 

= -Zf(X,Y,Z) + (l-X Z)-J-(X,Y,Z), 

g(X,Y,Z) = M (Z-Y )g(X,Y«,Z), 
g{Xi,Y,Z) = M (Z-X )g(X,Y,Z), 

= M -g{X,Y,Z) + (Z-X )^(X,Y,Z). 

Here, as previously, =m denotes congruence modulo the ideal (Z M ) C A[[Z]]. We 
deduce by iteration and specialization the following list of identities in the power 
series ring fc[[Z]]: 



(100) 



i=0 1— JT«*Z 

9 (w N+ \z) =m nf= 1 



g(gr,t,Z) = M nto(z-* qi ) 

z) =m z^n:=o(z-^) 

Here and below =m denotes congruence modulo the ideal (Z M ) C 

5.5.2. Application of Jacobi-Trudi identity. One deduces from first, second, fourth 
and fifth identities on the list (|100|l via the special cases l|84|l and l|85|) of the Jacobi- 
Trudi identity that 



N + _ Moorc(7r" 



/ra(£i£- ) — Moorctl^- 1 ,...,^-™) ' 

r ( £q u £\ Orc(7T n div,^" 1 1 ...,7r~^~ 1 ) 

Jn{C, ,?J — Orc(d7r,7r- 1 ,...,7r—'- 1 ) ' 

9m\t,,C, ) — Moore(l,jr- 1 ,...,7r- N ) ' 

//■g" /a _ Orc(Tr~ ( '" +1) + "+ 1 d7r,7r~ 1 ,...,7r-' / ~ 1 ) 

<7mU >sj — Ore(«Jir,jr- 1 ,...,jr-"- 1 ) ' 

and hence 

nnn gW+1 Moore(L 7 r-^j+ffl,^,...,^) 

(101) > Moore(l,7r-i,...,7r-^) ' 

Ore((l - n v+1 )t dn, it- 1 ,..., Tr^ 1 ) 



< 102 > F ^^ = Ore^,. ..,.—) 

by definition of Ft . From the latter formula it follows that 
(103) F t ((f,Z) = & ((1 - n v+1 )t) en u+1 0. 
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5.5.3. Application of some residue formulas. We have 

= -Re Sz=oo (^(nrr i (i-^/z))f 
fett^o = Res^o ( z 't + :r +1 (nr=o(i - ^/^))f 

The first two formulas follow directly from the third and sixth identities on the list 
while the last is an application of the Vandermonde determinant identity. 
By a straightforward if quite tedious calculation exploiting "sum-of-residues-equals- 
zero" one verifies that 

((1 - ir u+1 )t) e n» +1 

dX^ ' = (L?r tl + {t)) Moore(^,...,.—i)- 

5.5.4. Last details. By definition s h(7r _7V_1 , F f , £) is the (X — Y~)-valuation of 

hence e^Tr"^ -1 , F t , £) vanishes by (fTT7T]l . and hence 
e.hCTr-^-SJl.O - efTr-^^t - *i) by dHEl- By definition q u O sh (ir», F t , 
is the (X - ^-valuation of Ft(X q " ,Y), hence G^tt", F 4 , f) is the (X - Y* )- 
valuation of F t , hence Ogh^^, F t , £) = 1,0 according as ((1 — 7r !y+1 )t) does or does 
not belong to n u+1 0, respectively, by l|103|) and (|104() . and hence 8 sh (7r l/ , F t , £) = 
Q(n lJ+1 ,^ t — ^l) by (|55|l . Recall that since we made our calculations of Cata- 
lan symbols under the special assumption 1)81 [I. and we are obliged to make our 
calculations of shadow Catalan symbols under the same special assumption. By 
definition j*"^ 1 ) = and hence (^J 1 ) = (tfl^) by © and 

CnH)- By definition (^Q 9 " = according as e sh (^,F t ,0 = 

0(Tr u+1 ,y t - *i) = 1,0, respectively, and hence (j?Q = (^1 + ^J by (|HEJ>, 
(I103[) and (|104|l . Thus 1(13 holds, and the proof of Theorem IO is complete. □ 

6. The interpolation theorem 

Theorem 6.1. Every proper rational rigged virtual lattice is interpolable. 

This is our main result. The proof of Theorem lG.ll takes up the rest of this section. 
Fortunately the proof of Theorem 16.11 requires none of the details of the explicit 
constructions used to prove Theorem 15.11 — we will need only the bare statement 
of the latter. Before commencing the proof we prove two corollaries and make a 
remark. 

Corollary 6.1.1. Every proper rational rigged virtual lattice is a finite Z[l/p]- 
linear combination of asymptotically interpolable rigged virtual lattices. 

This is a reiteration of Theorem 1 1.2. 31 

Proof. By Proposition ^. Sl everv interpolable rigged virtual lattice is a Z[l/p]-linear 
combination of strictly interpolable rigged virtual lattices, and as we have already 
noted strict interpolability implies asymptotic interpolability. So the corollary fol- 
lows directly from the theorem. □ 
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Corollary 6.1.2. Let & be a proper rational rigged virtual lattice. Assume that $ 
is asymptotically interpolable and asymptotically yoked to an interpolating gadget 
(F,£). Then $ is strictly interpolable and yoked to £)■ 

Proof. Choose a basepoint r\ G V* such that £ < r\ and $ is of conductor < 77. By 
the theorem and Proposition 14.81 for some power r of the characteristic p of k, we 
can write r$ = $ + — <J>_, where <E>± are strictly interpolable rigged virtual lattices 
yoked to interpolating gadgets (G±,rf), respectively. Put G = F^ 1 '^' 71 ^. Note that 
(G, rf) is asymptotically yoked to <E>. It follows that (G r G_, 77) and (G+, 77) are both 
asymptotically yoked to and hence equal by Proposition U21 It follows in turn 
that (G, 77) is yoked to $. Finally, by the scaling rules for the shadow symbols, 
(F, £) is yoked to $, as claimed. □ 

6.2. Remark. Fix a uniformizer n E O. Let VF C k be a cocompact discrete 
F g -subspace such that fi(k/W) = fi(nO). Consider the rigged virtual lattice $ of 
the form 

It is easy to see that $ is rational, proper, separable and effective. By Theorem 16. II 
the rigged virtual lattice <E> is interpolable, and by Proposition 14 . 91 it follows that <J> 
is strictly interpolable. By means of Proposition l3.4.6l and the scaling rules for the 
Catalan symbol and its shadow it can be verified that $ is yoked to an interpolating 
gadget of the form (tw, "^/^tF) where t w = t w (X,Y) e ¥ q [[X, Y}} [X' 1 , Y' 1 ]. 
The power series tw is essentially the same as the one figuring in |3 Theorem 
2.4.1], and so admits interpretation as a T-junction. The method used to prove 
Theorem 16. II is actually a refinement of that used to prove Theorem 2.4.1]. 

6.3. Setting for the proof of the main result. Fix a uniformizer it E O. Fix a 
sequence {£i}^ in fc a b satisfying the relations 



Co = Tj Ci-1 



-Cr 1 ifi = l 



for i > 0. For t € k, let ^ t be the unique primitive rigged virtual lattice such that 

(*t)* = lt+Tr-iF^Ti- 1 ] ® lt+O- 

This is more or less the same setting as that in which we proved Theorem 15.11 
However, in the present setting: we allow t = in the definition of ^t] we reserve 
the symbol "L" for denoting a general cocompact discrete subgroup of k; and we 
do not make the special assumption (|81|l . 

6.4. Ad hoc terminology. 

6.4.1. ir -regularity and level. Given a rigged virtual lattice $ and an integer M > 0, 
we say that $ is n-regular of level < M if it is possible to decompose $ as a finite 
Z[l/p]-linear combination of primitive rigged virtual lattices of the form ,7r •* 
for t G k such that ||t|| < ||7r~ M || and integers i and j. If $ is 7r-regular of some 
level we say that $ is ir-regular. Note that if $ is a primitive rigged virtual lattice 
and <f>* = lg+L <8 T- w +rO where L C k is a cocompact discrete subgroup, £,w G k 
and r S /€ x , a sufficient condition for $ to be 7r-regular of level < M is that 
||7r- M || > ||tu/r|| and L D TT- N ¥ q [n- 1 } for some TV. 
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6.4.2. Softness. We say that a rigged virtual lattice <£> is soft if $ is rational, 
6(a,$) = for all a € k x and $*(0,t) = = </o[$]*(0,i) for all £ e fc. Note 
that softness implies properness and effectiveness. If $ is soft, strictly interpolable 
and yoked to an interpolating gadget of the form f° r some integer M > 0, 

then F e A X by Proposition^, filand moreover F € ¥ q [[X, Y]] x by Proposition ^. 4. 31 

Proposition 6.5. Let $ be a proper rigged virtual lattice. If $ can be written as 
a finite Z[X/p]-linear combination of primitive rigged virtual lattices of the form 

where e € {0, 1} and i eZ, then $ is interpolable of conductor < n. 

Proof. After replacing <E> by ^^ f> '° s > for some integer [3 > 0, we may assume that 

$ is a finite Z[l/p]-linear combination of rigged virtual lattices of the form ' 
where e € {0, 1} and i £ Z n [0, oo). Now for every integer i > and e £ {0, 1} we 
have 

te7r'- 1 F <I [7r- 1 ]nO 

by scaling rule (|17|l and the definitions. Therefore we have 

N 
i=l 

for some numbers a, S Z[l/p] and ti £ O. After grouping terms we may assume 
that the are distinct. Now in general we have 

(105) (*t).(0,0) = <*«,, o [*t].(O,O) = l, 

by the definitions in the former case and by Lemma |2. 6.31 in the latter case. Since 
<3?*(0, 0) = by hypothesis, we may assume by (|105|l that ti G A: x for all i. Further, 
since C/o[$]*(0, 0) = by hypothesis, we have Oii — by (|1U5[) and hence 

n 
i=l 

Thus 4> is interpolable of conductor < ir by Theorem 15.11 □ 

Proposition 6.6. Let <£> &e a proper rigged virtual lattice. If $ is 7r -regular of level 
< M , then $ is interpolable of conductor < £m ■ 

Proof. By hypothesis, after some evident rearrangement, we have 

N 
i=l 

JV 

+ ^a i (* ej -g-^*if' y< '^ 7i ))^ i ^ i ) 
i=l 

iV 

»=i 

where 

Oi€Z[l/p], /3i,7ieZ, i.efc, e i = <5 ti)0 , < |k~ M ||. 
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Call the sums on the right $1, $2 and $3, respectively. The sum $1 is interpolable 
of conductor < £m by Theorem l5.ll The sum $2 is interpolable of conductor < it by 
Proposition ^. 51 Since $1 and $2 are proper, so is $3. Finally, $3 is interpolable 
of conductor < n by the preceding proposition. □ 

Proposition 6.7. Let {$} U {^i}^ &e a family of soft rigged virtual lattices. Let 
M > be an integer. Assume that for every a € k x we have 



lim 



a 



- 1 



= 0. 



Assume that <&i for every i is strictly interpolable and yoked to an interpolating gad- 
get with basepoint £m- Then $ is strictly interpolable and yoked to an interpolating 
gadget with basepoint £m- 

Proof. For each i let be an interpolating gadget yoked to <£>i, noting 

that Fi 6 F 9 [[A, Y]] x for all i. Assume for the moment that F = limFi exists 
(X, Y)-adically in ¥ q [[X, Y]]. Then necessarily F € F 9 [[A, Y]] x , and moreover for 
every a € k x we have convergence 



a 



Ml) 



sh 



a 



' sh 

with respect to || ■ ||. By hypothesis we have the corresponding convergence of 
Catalan symbols. Therefore (F, £m) must be yoked to <£>. Thus in order to prove the 
proposition it is enough just to show that limF^ exists (X, Y")-adically in F g [[JT, Y]]. 
Fix a positive integer N arbitrarily. For each i use the Weierstrass Division Theorem 
to write 

JV 

-1 +F i+1 (X,Y)/Fi(X,Y) = Ri(X,Y) + Q l (X,Y) ■ Y[(Y-X^) 

i=i 

where Qi(X, Y) E ¥ q [[X, Y]] and Ri(X, Y) G F g [[X]][Y] is of degree < N in Y. By 
hypothesis 

= - 1 + ( f,S,Sm ),„ - - 1 + ( - *, ) — 

for j = 1, . . . , N . By applying the Lagrange Interpolation Theorem one deduces 
that Ri(£,M,Y) € fc(£jw)[Y] tends coemcient-by-cocmcicnt to with respect to || • | 
as n — > 00, and hence that Ri(X, Y) tends A-adically to as i — > 00. We conclude 
that Fi+i/Fi = 1 mod (X, Y) for all i ^> 0. Since A was arbitrarily chosen, 
the (X, Y)-adic convergence of the sequence {Fi}?Z 1 is proved, and with it the 
proposition. □ 

6.8. An approximation scheme. We give the set up for the last proposition of 
the paper, which is the core of the proof of Theorem 16. II Fix £,w 6 k and r 6 k x . 
Fix a cocompact discrete subgroup L c k. Let $ be the unique primitive rigged 
virtual lattice such that 



= 1 



e+L <& i-w+rO- 
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Note that $ is the general example of a primitive rigged virtual lattice. Fix an 
integer no > such that 

P no Li(rO)/u(k/L) e Z. 
Fix an integer M > such that 

\\n- M \\>\\w/r\\. 

For each n £ Z put 

L n = (tt-"0 n L) © ( F, • TT" 1 j c k, 

\i=n+l / 

and let $„ be the unique primitive rigged virtual lattice such that 

($n)* = lf+L„ <8> l w +rO- 

By construction $„ is a 7r-regular primitive rigged virtual lattice of level < M for 
every n. The intuition here is that <!>„ is a good approximation to $ for n ^> 0. 
The next result makes precise what we mean by good approximation. 

Proposition 6.8.1. The rigged virtual lattice p n °(<& — is soft and strictly in- 
terpolate for n>0. 

The proof is structured as a (long) series of lemmas. 
Lemma 6.8.2. p n °($ — $„) is separable for n>0. 

Proof. If n is sufficiently large, then /j,(k/L) = u(k/L n ), in which case both 

and p™°$„ are separable by Lemma \'2. 6 .31 □ 

Lemma 6.8.3. $ — $„ is so/t /or n > 0. 

Proof. We have 

($ - *„)*(0,t) = (1* +L „ - l^+L)(0)l lu+rO (t) 

for all t £ k, and hence ($ — $ n )*(0, t) vanishes identically in t for n 3> 0. By 
Lemma \'2. 6. 31 we have 

0o[(*-3n)].(O,t) = eoM/x(rO) f - ) ) l r ^-i(t) 

\H{k/L) n{k/L n )J 

and hence Go[{$ ~ $n)]*(0, t) vanishes identically in t for n ^> 0. 

It remains only to prove that 0(a, $ — $„) vanishes identically in a for n>0. 
Given n S Z, a € fc x and x S fc put 

F n ,a(x) = (l(e+L)na(w+rO) — l(£+L„)na(i«+rO)) 

G„, (x) = e (s(a«, - £)) (w-n-^-x - (*)• 
By scaling rule fT7| . we have 

(106) (($ - $„)( 1 ^)»( a; , ar) = F n a (x). 
By Lemma f2 . 6 . 31 and scaling rule l|37[l. we have 

(107) - *n) (1 ' 0) ].(*, *) = ^^^y gn.a^). 
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Therefore by the definition of the theta symbol, along with the scaling rule Ij23(l 
and functional equation (|40J) satisfied by the theta symbol, we have 



0(0, $ - * n ) = 6(1, ($ - $„) (1 < a) ) = Fn,a( X l 

H(k/L) 



e(o, $ - $„) = e(i, g [($ - $ n ) M ]) = ^wrw E G «-^ x )- 



Now look closely at the formulas for F n>a and G n>a . We can find some ai e fc x and 
ni such that G n , a vanishes identically for ||a|| > ||ai|| and n > m. We can find 
some n2 such that F nja vanishes identically for ||a|| < ||oi|| and n> n 2 . It follows 
that 0(a, $ — <E> n ) vanishes identically in a for n ^> 0. □ 

Lemma 6.8.4. For i > n ^> the rigged virtual lattice p n °($i — <£>„) is strictly 
interpolable and yoked to an interpolating gadget with basepoint £m • 

Proof. It is clear that p n °(&i — $„) is in all cases 7r-regular of level < M. By the 
preceding two lemmas, p n °(&i — $„) is separable and soft for i > n ^> 0. Since 
softness implies properness, p n °($i — $„) is interpolable of conductor < £ M for 
i > n » by Proposition 16.61 Since softness implies effectiveness, p n °($>i — $„) 
is strictly interpolable and yoked to an interpolating gadget with basepoint £m for 
i > n > by Proposition ^. 91 □ 

Lemma 6.8.5. Let U C k be an open compact subset of k. We have 

#(L X n CO = #( L n n u) 

for n>0. 

Proof. Put 99 = ^ r_1 [l(7] and select N such that <p is supported in the set tt~ n O. 
By the Poisson summation formula JSJ we have 

#(UnL^) = t i(k/L n ) J2 v>{x)- 

For n 3> the right side does not change if we replace L n by L. □ 
Lemma 6.8.6. For each a 6 fc x , we /icrae 

lim 



- 1 



= 0. 



This is the heart of the proof of the proposition. 



Proof. By <|1U6|1 . (|107|) . the definition of the Catalan symbol, and the scaling rule 
(14811 for the Catalan symbol, we have 



^ || M (7-0) 

a \ ( I \ TT P (VI / TT G n , a (x) 



H(fc/L) 



Now the function vanishes identically for n>0 and moreover we can find an 
annulus 

A = {xek x |0<||ao|| < < ||oi|| <oo} 
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such that G n ,a is supported in A for n»0. (It is important here that a is fixed; 
no claim of uniformity of convergence is being made in the lemma.) Then we have 
simply 

<-> = it— 

v ' xeA 

for n ^> 0. Note that G„ j0 is Z-valued for n 0. Now select any open compact 
subgroup U C fc x small enough so that the function x <— > eo(x(aw — £)) restricted to 
the compact set A C fc x is constant on cosets of U. Then by the preceding lemma 
the summation of G n , a (x) over any coset of U contained in A vanishes for «»0, 
and hence JI^eA x Gn - a ^ € U for b>0. Since U is arbitrarily small, convergence 
is proved. □ 

Proof of the proposition. By the preceding lemmas, the hypotheses of 
Proposition 16 . 71 are fulfilled by the family 

{p"«($ - $„)} U {p no ($ i+n - $ n )}£l 

provided that n^> 0. □ 

6.9. End of the proof of Theorem 16.11 By Proposition 16.8.11 every proper 
rational rigged virtual lattice $ can be decomposed as a Z[l/p]-linear combination 
of soft strictly interpolable rigged virtual lattices plus a proper 7r-regular rigged 
virtual lattice which is interpolable by Proposition 16. 61 □ 
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